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PREFACE. 



h is the design of this treatise to establish the theory of 
fUane and Spherical Trigonometry analytically, and to pre- 
sent that theory, together with some of its most interesting 
and yalnable applications, in a form fitted for elementary 
iifstraction. 

Of late years several analytical works on Trigonometry 
have been published in this country ; but, as they are con- 
fined ahnost entirely to the theory of the subject, it may be 
questioned whether, to many young students, they' prove 

ff 

.vnich else than so many collections of mere algebraical 
^rcises. Yet a book upon so practical a subject as Trigono- 
metry ought undoubtedly to be something more than this, 
and ought not to be considered as complete when the various 
calculations which the science involves, and which its name 
implies, are wholly omitted. 

The symbolical expression of a practical rule, in algebraic 
language, will often, to the young student, but indistinctly 
point out the numerical operation. Those much occupied 
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in mathematical instruction know full well that a learner 
may readily yield his assent to every step of an algebraic 
process, be fully satisfied as to the truth of the result to 
which it leads, may even clearly see a valuable truth in- 
volved in it, and may yet be very far from perceiving how 
to turn it to account in any case of actual calculation. 
Indeed, algebraical formulas, transform them as we will, can- 
not always be made to indicate the best mode of arithmetical 
arrangement; and yet much, as regards facility of operation, 
depends upon this arrangement in many parts of practical 
mathematics, but especially in Trigonometry. 

In the present volume, therefore, both the theory and the 
practice of the science have been introduced, every practical 
formula being illustrated by examples of the numerical cal- 
culation, arranged in the proper form. This plan of com- 
bining practice with theory, in works like the present, was 
always adopted by the earlier English writers, and it is to be 
regretted that recent authors have, in their admiration of 
foreign methods, departed so widely, in this respect, from the 
example of their predecessors, dwelling so much as they do 
upon the symbols, and so little upon the things signified. 

In addition to the practical illustration of formulas, a 
distinct part of the work is devoted to the principles of 
Navigation and Nautical Astronomy, in which will be found 
a very short and convenient method of clearing the Lunar 
Distance, for the purpose of ascertaining the Longitude at 
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Sea. This method is probably new, although, as the analy- 
tical expression for it occurs during the investigation of the 
well known formula of Borda^ it is equally probable that it 
has been noticed before. 

The supplement appended to the treatise is from the pen 
of my valued and accomplished friend, T. S, Dames ^ Esq, 
Fellow of the Royal Society of Edinburgh, and of the Royal 
Astronomical Society of London. It will be found to contain 
several new and interesting researches, which cannot fail to 
prove acceptable both to the inquiring student and to the 

more advanced analyst. 

J. R. YOUNG. 

Jamwry 1, 1833. 
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CBAPTBRi Z. 



EXPLANATION OF THE TRIGONOMETRICAL LINES. 

(Article 1.) Plane Tbioobometrv h that branch of pure mathe- 
nntics of which the primary object is to determine ()ie several pans of 
« plane tiiangle from having certain other dependent parts given. 

By ibe parts of a plane triangle we mean these six things, viz. ihe 
thtee sides and the three angles, and if any three of these six be given, 
piorided only thai a side be among ihem, the other three may always 
be determined either by geometrical construction, as shown in the Ele- 
neoti of Geometry, or by numerical computation, as will be seen here- 
after. 

From the foregoing delinition it appears that quantities of two kinds, 
perTecdy distinct from each other and admitting of no comparison, are 
concerned in lYigonometiy, viz. straight tines and angles. 

By means of certain happy contrivances, however, the whole business 
of irigODometry, and, indeed, the general theory of angular magnitude 
II conducted by help of linear quantities only; the angles themselves 
DOt entering into the compulations, but certain straight lines dependent 
upoa them and serving as indexes to them. 

(2.) Before we explain the nature of these trigonometrical lines, it will 
10 show how angular magnitude is measured. 
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In order to thia we mustremarktliat when straighllines are submitted 
Id calculation, all those which are coDcemed in the same inquiry must 
be measured in reference to one CDiomon standard of measuie, called 
the linear unit ; the choice o( which unit is, however, arbitrary. Thui 
if we estimate any one of the lines concerned in any inquiry in feet, all 
must be estimated in feet, and the linear unit adopted will be a foot, 
which is represented by the minieral unit 1. Also if one of the lines is 
measured in yards ali must he measured io yards, the linear unit being 
then a yard, which, as befbre, is represented in the calculation by the 
numeral unit 1. As (ai as tlie accurate representation of the lines are 
concerned, it is obviously a matter of indifference what length be as- 
sumed for the linear unit, for the length of any line will always be ex- 
pressed numerically by that number which denotes the units it contains, 
hut, for the purpose of facilitating computation, some scales of measure 
arp often preferable to others. 

(3) Let now BAC be any angle concerned in any inquiry: thea 
having chosen the linear unit AB, describe the 
ciraumference BCD about the centre A. The 
arc BC may be taken for the meaaiue or 
representative of the angular magnitude CAB; 
for let there he any other angle B'AC about 
the same centre A ; ihen we know, by Geome- 
Ky, that the angle BAC is to the angle B'AC' 
ai the intercepted arc BC to the iatercepted 

arc B'C, (Geometry, p. 103); hence, as the intercepted arcs alwayi 
vary as the angles, the former may, obviously, be taken to represent the 
latter. 

It is usual to consider the circumference of every circle to consist 
of 360 equal parts, called ilegreei of that circle; an arc consisting of 
any number of these, 24 for instance, is called an arc of 24 degrees, and 
represented for brevity thus, 34°; moreorer each degree is supposed to 
consist of 60 equal parts, called jniaules, and each minute of 60 equal 
parts called lecoads. To express any number of minutes, we mark one 
accent over the number, and to express seconds we mark two; thus, 
94° 16' 36", is 34 degrees 16 minutes 26 seconds. \\'hat we say of 
circular arcs applies equally to the angles which ihey measure, so that 




WtciU that an angle of 20° whose sides include an aic of icf a ih* 
•^(teenlh part of a whole cncumfeieDCP. 

Let us now sptA of ibe triooDometiical linni bcAm adrnted to. aw) 
lifaida we uitroduced for Ihe purpose of reducng the etiiin ihror^ of 
Mplar magnilude to the mvesij^tion of liDtar quaniitiesooly; we 
, bst, bowerer, nieDlien otie or two further paiticaleis ttspecunf 
lo which tiiese bats lekt. 
U) The arc CD which must be addtd lo BC to maie up a quad- 
s called the coinplemcat of the ate BC ; and ereiy arc «i)l 
! a comptement, even those which are tbemselTes greater than 90°, 
piOTided we consider the aics measured in the direction BCD &c. as 
positiTe, and tho^ measured m the opposite direction as negative; thus 
die complement CD of the arc BC commences at C where BC lermimies, 
abH may be considered as generated by the motion of C, the extremily 
of flie Tadios AC, in the direction CD; but the complement C,Doftb« 
are BC„ commencing in lite manner aitheeilremiiyC, ofthepwposed 
arc, must be generated by the motion of C, in the opposite direction, 
and the angular magnitude BAC„ willhere be diminished by the motion 
of AC,, in generating the complement; the comple- 
memtofBACjiOrofthe arc BC,, is, therefore, with ^ 
propriety considered as negative. Calling the a 
BC, or BC„ u, the complement will be 90° — u; ' 
ihus the complement of 24° le* 4" is 65° 43' 
and the complement of 130° 36' lo" is — 30° 36' 

The arc CB,, which must be added lo BC to make up a semicircle, 
or 180°, is called the iupp!ement of the arc BC. If the arc is greater 
than 180°, as the arc BC„ its snpptemetit C, B, measured in the re- 
ve«e directioti is negative. Tlie expression for the supplement of any 
ircdt angle wis, therefore, 180° — «>; thus the supplement of 110° 
30* 20' is 69° 29' 40", and the supplement of 200° 25' is — 20° 25'. 

In tile same manner as the complemenlaty and supplementary arcs 
ue considered as positive or negative, according lo the direction in 
«bicb they aremeasuredjsoaie the arcs themselves positive or negative; 
thus, still taking B for the commencement of the arcs, as BC is positive 
BCj will be negative. In the doctrine of triangles we consider only 
pMitive angles or arcs, and the magnitudes of these are compriaed 
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between u =0 and wsiaO"; but in tlie general theoiy of angular 
quantity, we consider both positive and negative angles, according %s 
ihey are situated above or below the fixed line AB from which tbeyare 
measured, as the angles CAB, C, AB ; moreover, an angle may consist 
of any number of degrees whatever, thus if the revolving line AC set 
out from the fined lineAB and make n revolulious, and a part the ait- 
gular magnitude generated is measured by n times 360°, plus the degrees 
in the additional pan. 



0/ the Sine. 

(5.) The sine of an arc or of the angle which it measures, is the per- 
pendicular, Irom oue extremity of the arc, upon (lie diameter passing 
through the other emremity: Ihns CS is the sine 
of the arc BC; C, S, is the sine of the arcBC,; 
Cs S, is the sine of die arc BCj; C, S, the sine 
of the arc BC,, &c. If the proposed arc were a 
quadrant, or 90°, the sine DA would be equal to 
the radius, and, tberefore,its numerical value would 
be 1 ; the same would he the case if the arc con- 
sisted of 3 quadrants, or 370", or indeed of any odd number of quad- 
rants ; for all other arcs llie numerical value of llie sine will be a prt^r 
fraction or decimal. These, it must be observed, are the trigonometrical 
values of the sinea, which are estimated according to the scale AB = 1 ; 
but it should be remarked tliat when we know the value of the sine of 
an arc agreeably to this scale, its value agreeably to any other scale is 
at once obtained by proportion; thus let R be any value assumed for 
the radius, and let us write the sine corresponding in capitals, sine; 
(hen 1: sine:: 11 :sine = Rx sine, so that the sine of an arc, corres- 
ponding to any assumed radius, is found by multiplying its trigono- 
metrical sine by that radius; and, on the contrary, the sine according to 
any value of the radius being known, the trigonometrical sine is found 
by dividing it by that radiu.s; llie number, in (act, which expresses the 
trigonoraeltical sinf being tlie ratio of the geometrical line itself to die 




Of the Cost 



ladius, whatever this may he. W)iat we have said of the sine will be 
easily seen to apply to (hs other trigonometrical lines. As with the arcs 
so with the 9tDes, ibose which lie in opposile directions take opposite 
signs, those ahove the fixed line B, B being regarded as positive, and 
those below as negative, so that the sines in the first and second quad- 
taots are positive, those in Ihe third and fourth negative, while in cht 
lifth and sixth they are again positive, and so on. 

Eoery arc or angle hot the same sine as lis siipplemcnt ; thus ifB, C, 

is equal to BC it is obvious that BC, will be the supplement of BC, 

I and the sine CS of tlie latter must be equal to the sine C, Si of tlie 

(6.) The cosine of an arc or angle is the sine of its complement: 
the cosine of tlie ate BC is the line Cs, which is, 
obviously, the sine of the arc DC, the complement 
of BC. As the several sines are arranged on op- 
posite sides of tlie diameter B, B, so the cosines 
are onau^ on opposite sides of the diameter 
DD,; those on the right of DD, being regarded 
as positive, and those opposite as negative ; hence ' 

in the firat quadrant, the cosines are positive, in the second negative, 
in the Aird negative, in the fourth positive, and so on ; the cosine of an 
arc is equal to the cosine of its supplement, but has a different sign. 

When the arc is the sine is 0, but the cosine BA is 1 ; when the 
arc is 90, the sine DA is 1, but the cosine is 0; when the arc is 180° 

! sine is 0, but lie cosine is B, A = — 1 ; when the arc is 270° the' 

e D, A ia— 1, but the cosine is 0; and when thearc is 380° the sine 
ii 0, and the cosine 1, as at first, and so on. 

It is plain that the cosine of an arc is always cquallo that part of the 
radius which is intercepted between the sine of that arc and the centre. 
Thus referring to the figure in (S) AS is equal to the cosine of BC, 
AS, to the cosine of BC,C,, or of BC.C,. 
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Of the Tangent, Cotangent, Secant, and Cosecant. 

(7.) The tengeot or an arc, and, therefore, of the angle which il 
measures, ia a line drawn from one extremity of the arc, touching it at 
that extremity, and terminating in the diameter produced, drawn through 
the other extremity : thus BT is the tangent of the arc BC. 

The cotangent is the tangent of the comple- 
ment: thus Di is the cotangent of the arc BC. 
It is easy to trace the changes which these two 
lines undetgo as the arc BC increases from 0, 
for which value the tangent is obviously 0, and 
the cotangent infinite. Observing (he s 
rules here as for the sine and cosine, we see that 
in the first quadrant the tangent and cotangent '''' 

are both positiye, in the second the tangent BT, and cotangent D(, 
le both negative; in the third the tangent BT^ and cotangent D(, are 
both positive; and in the fourth the tangent BTj and cotangent D(, 
are both negative, and so on; but as we shall soon see, the signs of the 
tangent and cotangent may always be at once inferred from those of 
the sine and cosine. 

The secant of an arc is that portion of the prolonged diameter, li- 
mitting the tangent, which is included betvteen the centre and tangent; 
and the cosecant is the secant of tiie cocnplement. Thus in the last 
figure AT is the secant of the arc BC, and A( the cosecant. 

fn the four trigonometrical lines, sine, ccisine,tangeni, and cotangent, 
we have seen that each is posited in one or other of two directly oppo- 
site directions, and that, therefore, one or other of the opposite signs + 
and — , prefixed to the numeiical value of any such line, served to point 
out the proper direction for any particular value of the arc or angle. 
But as the secant and cosecant continually vary in direction, as well as 
in magnitude with the arc or angle, the geometrical position of either of 
these lines does not so clearly indicate to us the sign with which il 
should be represented. The proper sign, however, is always readily 
ascertained from knowing the signs of the sine and cosine, for upon these 
two lincH all the others depend, as we shall shortly show. 
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(S.) Besides the six trigonoinetiica.1 tinea dow defined there are thtee 
others, sometimea, although but seldom, employed ; tliese are the veried 
sine or sagilla, tlie coversed sine, and ihe suvcrsed sine. Tlie vened sine 
ofanarcBC(3eefig. toart. 5)i3 the line BS between the commencement 
of the arc and the sloe; it is always equal to the radius minua, the co- 
sine, and, therefore, is always positive, llie coveised sine is the reised 
sine of the complement, so that the coversedsine of BC is Ds (see fig. 
(0 art. 6} ; also the suversed sine is the versed sine of the supple- 
ment. As the versed sine of any arc must be positive, it follows that the 
coveraed sine and suversed sine must always be positive. 

(9.) ITie following is the way in which the tiiganometrieal lines, con- 
nected with any arc or angle u, are expressed iu computation; 



I 



The sine of u In expresifeil thus 



tangent ol 
ootnngent ol 



anveraed sine ol 



From knowing the oianerical value of any one of these lines, those of 
all the others may be obtained ; thus, let (he sine be given, then since 
the radius sine and cosine always form a right-angled triangle, of which 
the hypotenuse is the radius ^ 1, (seethe fig. in art. 5), we have 

Again, since the triangle formed by the radius, sine, and cosine, is always 
similartothat formed by the secant, tangenl,and radius, and to that formed 
bj the cosecant, radius,andcotangent, as the student will at once see by 
sketching these lines for any arc, it follows, from the proportionality of 
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the siiles of similar triangles, that 



and, from these expressions, we al once see that the signs of the serera! 
lines, as well as their numerical values, are deducible from those of the 

Now (he numerical expression for sin. u, for all values of m, from 
uis=0 lo ui ^90°, (between which liniits every possible value is com- 
prised) are actually computed by methods to be liereaftereiplained, and 
thence the values of the other trigonometricul lines are deduced. These 
values are then arranged as in table iii, at the end, and form a iabUiif' 
natural lines, cot'tjifs, ^c By help of such a table we may readily find 
tlie values of the same lines, computed to any other radius R; for as ob- 
served at (5) we shall merely have to multiply the tabular value by 11. 
Writing; therefore, for distiaction sake, ilie wordj sin,, cos., &c in 
capitals, when the value ol the radius is other than unity, the forgoing 
tquations are the same as 






and thus by substituting in my trigonomelrical formula - 

Sec. for sin. u, cos. <<^ &c. the formula will become geoecsdiied so as to 
bold good for any value of ihe radius whatever. 

(10.) It b obvious that when any trigonomelrical formula is thus 
geocraliied every term in it will be the same abstract number as 
in Aeorigioat formula; whatever powers or roots of the lines enter the 
formula they will always be divided by the same powers or roots of thf 
radius R. The denominators will all be removed by multiplying each 
term by the highest power of It, which enters, and the result will iie- 



F 
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cessarily be a hooK^eiieous eipressiou; ihai ia, everjf lenn will have 
the same dimensions, oi will iitTolve as Vetoes the aune number of lines. 
Hence, in order lo geneialiie any trigonometrical formula, or to render 
it independent of any particubi value of K, il will be necessaiy merely 
to introduce into the several terms such powers of Ras will rendeilhem 
all of the same dimension. For example, the following formula, rit. 

■in. (A + B) =«in. A cos. B + sin. B cos. A ; 
in nhich the term on the left is of one dimension, and the tenns on the 
right are each of two dimensions, will become homogeneous hy intro- 
ducing the ^ctor R into the left hand number, so that when this is the 
value of the radius instead of unity, the formala will be 

B ain. ( A + B) = ain. A cos. B + aln. B Cos. A ; 



becomes when tlie radius is R instead of unity 



the ponecs of R bebg introduced so as to render each term of four di- 



From die preceding definitions and remarks the following simple 
properties are immediately deducible, viz. 

1. The sine of an arc is equal lo liaif the chord of twice ihat arc. 

2. The chord of 60° being equal to the radius (Geom. p. 119), there- 
fore, the sine of 30°, or the cosine of 60°, is equal to half the radius.' 

3. Hence, (rotn the expression for the secant at the top of the preced- 
ing pa^, the secant of 60° is equal to the diameter of the circle. 

4. The tangent of 45° is equal to the cotangent, and, therefore, to 
Ibe radius, (se 

(11). We shall terminate this introduclory chapter with a table ex 

hibiting the correlative values of the trigonometrical lines, situated ir 

diftreot quadrants; it is readily constructed from the values of the aim 

;, hy help of the relatioiis in (9), bearing in mind that ai 

arc uul its supplement have the same sine. 
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Table nfilie CorrdaHve Valuei of Ifie Trignnonielrical Lines. 



axe. 


■Id. 


««. 


t«.. 


cot. 


«c. 


V 





1 





ur, 


1 


.. 


+ »ln. ,u 


+ co..» 


+ Un,« 


+ rol.w 


+ »ec. ai 


80" 


i 





» 





« 


B0=+<« 


+ ro3.<« 


- .In. - 


-coUo. 


— Un.u 


-co.ee... 


ISO" 





- 1 







— 1 


180° + .. 


— sin. w 


-coo.^ 




+ c.t.. 


— 9BC. B. 


SM" 


— 1 





-- 





- » 


3B(J° 


D 


+ Bin.<. 

1 


— cot.w 


— tiln.u 


+ cosec. u. 

1 



Tills last line is the same as the firat; and any line will, obviously, re- 
main unaltered iCivc add (otlie corresponding arc a whole circumference 
or any number of circumferences. If we take cu negatiTely, we may 
extend the table as follons: 



90° — «, 
SO -w 


— sin.ij 
+ COS. -. 

+ .,... 


+ C09 

— Bin 


.j-ta 


t. .. 
t.* 


cot.. 
+ lon... 

+ tan..« 
— cot, « 


+ 

+ 


11 


-e 


one. 


+ c 


,Mf 


"70 — w 
iliD — « 


+ 


"— 


•CC. 



and by continuing this series of arcs the same values of the trigonome- 
trical lines iVDuld obviously recur as before. 

It is obvious lliil llie cosine of a negative arc, whelherlessorgreater 
than a quadrant, is the same as the cosine of die same arc, taken posi- 
tively; but the sine ofa negative arc, although the same in magnitude 
as that of an equal positive arc, has an opposite sign: hence, by die 
equations at (9), the sine, tangent, colangeut, and coaecnnt. will have 
opposite signs to those of the same arc taken positively; but ihecoainB 
and secant will have the same signs. 
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(13,) We shall now proceed to inveitigale rules for the solution of 
all the cases of plane triangles. 



^m Right-angled Iriangto, 

^"■As right-angled triangles are those whose seTeral pans ai 
easily determined we shall consider ihem lirst. 

Lei ABC be any right-ingied plane triangle, a 
with ABasa radius describe the arc Bo. If AB w 
unity BC would be the tangent, and AC ihe 
of the angle A; as it is, however, these lines are equal 
lo AB times the liigonoinBtrical tangent and s 
(5), that is, 

BC = AB tnD. A, A( 

Also, by taking the hypotenuse for the ladius, 
have 

BC = ACsin. A, AB 

These four equations, logethar with the geometrical property 

AC'=AB' + BC', 

eoabk us to solve every case of right-angled triangles. 

(13.) In applying these formulas, il must be remembered that the 
trigoooiaetrical lines which they involve are according to the scale of 
radius s= 1 ; they are computed and registered in the tables of natiirut 
mnet and tang/enU. The tablw of logaritlmtic tmtt and langrnl$ tve 
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not, however, computed to ihis radius, on accoual of the inconvenienca 
which would attend the continual use of negative indices in all the sinea 
and coaines; but ihey are computed to a radius of 10'°. Hence, in all 
formulas of trigonometry intended for logarithmic computation, the ra- 
dius R muEt always be introduced, so as to make the terms homogene- 
ous; and, although in the formulas which will be hereafter given, we 
shall but seldom encumber tbe expressions by actually inserting in them 
R, and its powers, yet the coraputist must not fail to lake account of 
them in the logarithmic process. 

Introducing 11 into the foregoing equations we may write them thus: 



mprehended in a single rule, expressed 



: the raiiiut in the flg<iri>, 

: the corresponding line In the figurei 
and from this it immediately follows that 
Any tabular line 

: corregponding line in the figure, 
: ; nnj other tabulsr line 
: corresponding line In Ibe figure ; 

which proportion, obviously, comprehends the former. 

It appears from Ihis rule thai when we want to find a side, we must 
begin the proportion willi a given tabular line, that is, either with the 
tabular tadius,of which the logarithm is 10, or else with the tabularsine, 
cosine, &c- of a given angle; but when we want to find an angle, then 
we must invert this proportion, beginning witli a given side, which roust 
be made the geometrical radius, as no other tabular line but the radius 
will be given, seeing that angles are in this case unknown. 
_ (14.) In operating with logarithms, the logarithm of the first term of 
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the proportion must be subtracted from the sum of the logs, of the other 
two, to obtain the logarithm of the sought fourth term; and thus the 
logarttlumc process will consist of five lines or rows of figures. If, 
however, the first term, or that to be subtracted were 10, we might save a 
line, by adding the two other logs, together, and rejecting 1 in the index ; 
when the fiitt term is not 10 we may still save a line by the following 
artifice, viz. instead of putting down for the first term the log. given by 
the table, put down its^ deficiency from the number 10, which may be 
done with as much readiness as transcribing the number itself, provided 
we begin at the left-hand figure and subtract each in succession fix>m 9, 
till we come to the last significant figure, which must be taken fix)m 10; 
we shall thus have instead of the logarithm, what is called its arithmeti- 
cal complement^ which, being added in with the other two terms, reject^ 
ing 10 fix>m the iadex, must give the same result as if we had subtracted 
the log. of the first term from the sum of the other two. An example 
or two will fully illustrate what has now been said. 



EXAMPLES. 



(15.) 1. Given the angles and the base to find the perpendicular 
and hypotenuse, viz. A=s=53* 8', AB = 288. 



I. To find the Perpendicular BC. 

As a side is here required, we must begin 
with a tabular line; we shall choose for sim- 
plicity the tabular radius, to save a reference 
to the table, as we know the log. of this to be 
10. Taking then the known line AB for 
radius in the figure, we have 




Rad. . 


10 


: AB 288 


2*4593925 


:: tan. A 53*»8' 


lO* J 249898 



BC 384*05 2*5843823; 
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BC might have been found by making any other side radius, although 
DOt quite so easily, as we should then have had to seek out in the table 
the tabular line for the first term, corresponding to the known line AB; 
thus if AC had been made radius, then the tabular line we should have 
commenced with, would have been that corresponding to AB, viz, the 
cosine of the angle A.. If CB had been made radius we should have 
commenced with the cotangent of A, that is, the tangent of C, for such 
would be the tabular line corresponding to B A. 



^ II. To find the Hypotenuse AC. 

Preserving the same radius we have, 



Rad. 


• 


10 


: AB 


288 


2*4593925 


• • SwC/« J^ 


63° 8' 


10*2218814 



: AC 480*036 2-6812739. 



If we had made AC radius, the proportion would have been 
cos. A : AB : : rad. : AC. By way of showing the use of the arithme- 
tical complement, let us determine AC by this proportion 

COS. A 53** 8' arith. comp. 0*2218814 
: AB 288 . 2*4593925 

: : Rad. . . 10 



: AC 480*036 . 2*6812739. 



2. Given the two perpendicular sides to find the hypotenuse and 
angles, viz. AB = 472, BC = 765, (see last fig.) 
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I. Tojindthe Angle K. 

We must here, agreeably to the rule, begin with a given side, say AB, 
which we shall make radius. 

AB 472 arith. comp. 7-3260580 
: Rod. • . 10 

: : BC 765 . 2-8836614 



: tan. A* 58® 19' 32 



10-2097104. 



II. To find the Hypotenuse, 

Here we must begin with a tabular line; we shall choose the radius. 

Rad. . 10 

: AB 472 . 2-6739420 

: : sec. A 58*> 19' 32' 10-2797645 



: AC 



898-89 



2*9537065. 



Or without employing the angle A we may determine AC by the 
formula. 

AC = V ABM^IcT 

3. Given two sides and the included angle 
of an isosceles triangle ABC to find the other 
parts. 

AC = BC=288, ACB = 78° 12'. 

Let the perpendicular CD be drawn, then 
since it will bisect the angle C, we shall have 
given in the right-angled triangle 




* For the method of determining the angle corresponding to any tabular 
n amber to seconds, see the Introductory explanation prefixed to the tables. 
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ADC, AC=288, ACD = 30«*6' .-. A = 90° — 39*^6' =:i>0^ 54' f 
hence, to find AD, we have b^ making AC radius, 

Rad. . 10 

: AC 288 2.4593925 

: : COS. A 50® 54' 9»7998062 



; AD 181-635 22591987 



.-. AB = 363-270. 

4. Given the base AB = 53 • 42, and the perpendicular EC =75 • 18, 
to find the hypotenuse and angles? 

A = 54° 36' 14", C = 35° 23' 46", AC = 72-23. 

5. Given the hypotenuse AC ^ 643 - 7, and the base AB = 473 - 8, 
to find the other parts? 

A =42° 36' 12", C= 47® 23' 48', BC= 35-87. 

6. Given theangleA=37°2'43',andthehypotenuseAC=173*2 
to find the other parts? 

C =52°57' 17", AB = 138-24, BC = 104-34. 

(16.) We shall now proceed to investigate rules and formulus for 
the solution of triangles in general. 



Oblique-Angled Triangles. 

Let ABC be any plane triangle, and let us denote the angles by the 
capital letters, A, B, C, at their vertices, and the sides opposite to them 
by the small letters a, b, c. 

From either vertex, as C, draw the 
perpendicular CD to the opposite side. 

Then the sine of A to the radius b 

will, obviously, be the line CD. and the a / o j^ — ^ n a ^^ ^ ^{ ^n 

value of this sine in terms of the trigonometrical sine of the same angle 
to radius 1 is (art. 5,) CD = b sin. A. In like manner the sine of B 
to the radius a, is the same line CD, whose value, therefore, in term 
of the trigonometrical sine, is CD = a sin. B; consequently, by 
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equating these two values of CD, we have 

. -D z • A °' sin. A 
a sin. B =s 6 sm. A .*. -r- = — : — :=,- • 

b sm. B 

* 

This equation immediately furnishes us with an important rule, which 
may be expressed as follows. 

Any side of a triangle is to any other side as the sine of the angle ^ 
opposite to the former, is to the sine of the angle opposite to the latter. 

Whenever, therefore, we know two sides and an angle opposite to one 
of them, or two angles and a side opposite to one of them, the otlier 
three parts of the triangle may always be determined by help of this rule. 

The cosine of A, to the radius 6, is the line AD; and, therefore, AD, 
in terms of the trigonometrical cosine of A, is AD = h cos. A. In like 
manner the cosine of B to the radius BC, is BD, which, in terms of the 
trigonometrical cosine, is BD = a cos. B; if the angle B is obtuse, as 
in the second of the above diagrams, cos. B will be negative; hence 
whether it be acute or obtuse we shall have for the side AB the expres- 
sion 

c^za COS. "R -\-h cos. A ; 

in which the proper signs of the cosines are supposed to be involved 
in their expressions. 

If instead of drawing the perpendicular from C we had drawn it from 
B, it is easy to see the result we should have obtained ; for then consi- 
dering B the vertical angle instead of C, or supposing the triangle to be 
turned about till B actually becomes the vertical angle, then commenc- 
ing at the vertex, the arrangement of the angles will now be B, C, A ; 
these, therefore, should respectively be substituted for C, A, B, in the 
above formula; also the arrangement of the sides will be a, 6, c, instead 
of 6, c, a, as at first, so that these letters mustbereplacedby the former: 
consequently) our equation will become 

b=ic COS. A-\- a cos. C. 

If, on the contrary, A be made the vertical angle, then the order of the 
angles will be A, B, C, and of the sides c, a, 6, and these must supply 
the places, of C, A, B, and h, c, a, in the first formula, so that we shall 

€2 
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then have 

a^b COS. C -\- c COS. B. 

> Collecting these equations together we have, 

azssb cock C + e cos. B 

6 = 



= c COS. A -)- a COS. C > . . . . (1); 
ss a 009. B 4- 6 COS. A ^ 



and these equations contain the whole theory of plane trigonometry. 
They involve all the six parts of a triangle, the three angles, and the three 
sides; and, as the equations are three in number, any three of the parts, 
considered as unknown quantities, may be determined, provided only 
the other three are known ; but fewer than three being given will not be 
sufficient to determine the others, as then there would be a greater num- 
ber of unknowns than of equations. 

We must remark too that the three given quantities must not be the 
three angles simply, because the three other quantities a, b, c, severally 
enter the three terms of each equation, so that if we were to multiply 
each equation, by any assumed factor whatever, 7n, the values resulting 
from the elimination of A, B, C, would, obviously, be the sAme for ««, 
7nb, mcy as for a,b,c; thus, showing that the data are not sufficieqt to 
determine any triangle, but belong equally to innumerable triangles, 
all, however, similar to eadi other. 

(17.) It appears then that the solutions to all the cases of plane tri- 
angles are derivable from the equations (1), uoder different hypotheses, 
as to the three unknown quantities, and we might now with but little 
trouble proceed to deduce these solutions, one after another, from these 
equations : thus suppose the three sides a, 6, c, were given^ then mul- 
tiplying the first equation by tf , the second by 6, and the third by c, we 

have 

a^ = ab cos. C -\- ac cos. B 

6*^ be COS. A-}- ba cos. C 

c^z^ac cos. B -^ be cos. A ; 

and subtracting each of tliese from the sum of the other two, we get 
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• 



6' 4- c' — a' 3=: 2 6c COS. A .*. COS. A = — ' — ; *^ 

, ,2bc 

«a^-c'-- ^« = 2a(?cos.B .*. cos.B = — i^ — 
a«+6«^c« = 2flftcos. C .•. cos. C=- ^ 



.(2); 



2ab 

and thus the values of the cosiues of the required angles become .known, 
and by searching in the table of natural sines and cosines we shall find 
the angles to which they belong. 

It is necessary to remark here that in almost every trigonometrical 
calculation it is advisable to conduct the operation by m^ans of loga- 
rithms, in order to avoid lengthy and tiresome multiplicationg, divisions, 
'and extractions; so that it becomes a matter of consequence to express 
all our general rules and formulas in a form, adapted as much as pos- 
sible to logarithmic calculation, that is, the operations indicated by the 
formulas should be those of multiplication, division, involution, and 
evolution, and not those of addition and subtraction. 

The formulas just deduced for the angles of a triangle, when the sides 
are given, do not appear in a form adapted to logarithmic computation > 
and the same would be found to be the case with the various other for- 
mulas directly deducible from the general equations (1); nor would it 
be easy, without the aid of other and independent properties, to convert 
these expressions into the desired form. Although, therefore, it is true, 
as we have stated above, that formulas for all the cases of plane trigono- 
metry may be deduced from the equations (1), yet, on account of the 
inconvenient form these formulas assume, it becomes necessary for us 
to seek assistance from other sources. Now there exists two general 
trigonometrical formulas, which may be considered as forming the foun- 
dation of the whole theory of angular magnitude, and which, ip con- 
junction with what is laid down above, will enable us to deduce for- 
mulas suited to logarithmic calculation for all the cases of plane trian- 



(18.) There are various ways of investigating these formulas; we shall 
adopt that which appears to u^ the most simple and general. 

It was given by M, Sarrus in the Annates des Mathcmatiques^ 
torn. xi. 



^0 
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Given the sines and cosines of two arcs or angles, to find the sine and ' 
cosine of their sum and difference. 

Let AM = «, and AN = a, be any two arcs of the circle, the radius 
being unity, then drawing the chord of the arc NM = « — a , we shall ^ 
have from the triangle NMG right angled at G, 




MN» = NG* + MG« = (CQ - CP)« + (PM - NQ)«; 

which may be written tlius, 

Chd.' (a, — a) = (cos. of — COS. a)' + (sin. a — sin. a')*. 

By actually squaring the expressions in the 
right-hand member of this equation, and recol~ 
lecting that 

sin.' a -|- COS.* a = 1, sin.* a' + cos.' «' = 1, 
we have 

« 

chd.«(a — «') = 2 — 2co8.«cos.«' — 2sin. asin. «' .... (1), 
Suppose now that a' s= 0, then we have 

chd.*a = 2 — 2 cos. a.* 

As this expression is true for any arc whatever, it is true for the arc 
« — a', so that 

chd.*(a — ft') = 2 — 2C08. («— a') .... (2). 

Comparing together the second members of (1) and (2) we obtain 

COS. (« — a) ^ cos. A COS. «' -|- sin. a sin. «'....(!). 

As this is true for all values of «, a, it is true when a — *' is put ibr 
a', so that 

COS. a'^ COS. a COS. (a — «') 4" sln. a sin. (« — a) ; 

in which equation, if we substitute the value of cos. (« — *') given by 
(i), we have 

cos. a = cos. ft' cos. a + cos. a sin. a sin. a -f sin. a sin. (a — a') j 



] 



• This property is also proved in the Geometry, p. 02, Scholium. 



■i.'. 
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htm which, by putting ias cos.' « its value 1 — sin.^ «, we get 

sin. (a — a') = sin. A COS. a' — sin. a'cos. a .... (ii). 

Lastly, putting (a 4- a!) for a, in the equations (I) and (II), we have, 

COS. a = COS. (a -f- a') cos. a -\- sln. (a -|- a') sin. a'. 
sin. A = sin. (a -f- a') cos. a' — cos. (a -|- a) sin. a'. 

In order to obtain from these equations the expressions for sin. (a -|- lO 
and COS. (a + a*), multiply the first by an. a', the second by cos. a', and 
add, and we thus get 

sin. (a -|- a') = sin. A COS. a' -j" sin. a' cos. A .... (in). 

Multiply the first by cos. a', the second by sin. a', and subtract, and 
we get 

CO0. (« -)- <t') = COS. A cos. a' — sin. a sin. a' . . . . (iv). 

The four general formulas thus deduced may be written as follows: 

sin. (a ± of) = ain. a cos. of ± sin. a' cos. a ^ 

S . . . . (a). 
cos. (a ± a') =: COS. A COS. of 7 sln. A sin. a' ' 

(19.) The first of these immediately furnish the two following, viz. 

sin. (a -|- a') -|- sin. (a — a') = 2 sln. a cos. a' 

sin. (a -|- a') — sin. (a — a') =s 2 sin. of cos. a j 

firom which 

sin. (a 4" *') -h sin. (a — a') sin. a cos. a' tan. a 

sin. (a 4- «') — sin. (« — a') cos. a sin. a' tan. a' ^ 

I^ therefore, we put 

a + a'=A, a — a' = B .'.AsriCA-f B),A' = i(A — B), 

we shall have 

sin. A + sin. B _ tan. ^ (A + B) 
sin. A — sin. B tan. J (A — B) ' 

Now weTiave already seen that in any plane triangle 
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sin. A : sin; B: : a: b 
•\ sin. A -|- sin. B .: sin. A — sin. B : : a-^b : a — 6j 

consequently, from the equation above, 

g -f d _ t an. KA H- B) 
a — b ~" tan.i(A — B) ' 

that is to say, in any plane triangle the sum of any two sides is to their 
difference as the tangent of half the sum of the opposite angles is to the 
tangent of half their difference. 

By help of this rule we may determine the remaining parts of the 
triangle, when we know two sides <z, b, and the included angle C ; for 
knowing C we know also i (A + B) = i(180° — C) ; and ^ (A — B) 
is determined by this rule; therefore, as the half sum added to the half 
difference of two quantities gives the greater, and subtracted gives the 
less; we thence readily obtain the angles A and B, and then the third 
side c, by (16). 

We have thus deduced commodious rules fitted for logarithmic com- 
putation, for the solution of the first two cases of plane triangles: it 
remains to fiimish a rule for the third case. 

(20.) Referring to the expression for cos. A at (17), it is plain that 

since 

62^c«c=(6-f c)2— 2Ac, 

and, therefore, 

^ _|- c« — a« = (ft 4- c -f a) (6 + c — a) — 26c; 

that expression may be put under the form 

COS. A = r-; — !• 

Now supposing the arcs «, *', in equation (A), to be equal to each 
other, and to ^ A, we have fiK)m the second of them 

cos. A = cos.' J A — sin.* I A 
1= cos.l> A + 8in.« i A 
by addition, cos. A = 2 cos.' } A — 1 
by subtraction, cos. A == 1 — 2 sin.* \ A ; 
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by substituting the first of these values in the foregoing equation^ and 
putting for brevity S for the sum of the three sides of the triangle, we 
have 

cos.iA = ^^ — ^~- .... (1). 

We can just as readily obtain a second formula by means of the other 
expression for cos. A; for substitiiting it in equation (2); art. (17), we 
have 

2 sm.* * A = 1 r- ^ ;r-; = -r , 

. 2 be 2 be 2bc 

(g -f. 6 — c)(a — b-^ e) 

"" 2bc ' 

consequently, 

be 

and by dividing this expression by the former we get a third formula, 
viz. . 

^'i^=< -isa-s"-^^r" • • • • ^^^' 

(21.) We thus have three distinct formulas for the determination of 
the angles of a triangle when the three sides are given, and all of them 
are adapted to logarithmic computation. It is not, however, always a 
matter of indifference which of these formulas we employ, as in certain 
cases one may be preferable to another. Thus, if we knew beforehand, 
or could foresee that the sought angle | A would be very nearly equal 
U) 90°, then it would be improper to employ the formula (2), because 
we should be very likely to commit error in taking out the angle, seeing 
that for an angle very near 90° the seven first decimals in the sine 
coincide with those in the sines of several other angles in its vicinity, 
or which differ each from the proposed angle by only a few seconds. 

If the logarithmic tables, which we employ, are calculated to seconds, 
as the large tables, of Taylor or of Bagay, then the sought angle when 
near 90°, may be accurately determined to the nearest second, either from 
its cosine or fiomits tangent, as the values of these trigonometrical lines, 
at this part oflhe table differ considerably from each other, even when the 
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arcs are nearly equal. Biit if the table employed is not calculated to 
seconds, then the sought angle, when near 90°, should be determined from 
its cosine, and not from its tangent; because in approaching to 90^ the 
tangents increase by very unequal differences, and, as in proportioning for 
the seconds, we proceed on the supposition that the tangents increase 
equally through 60'', we shall be in danger of committing error in thus 
determining the seconds. As the cosines decrease more regularly to- 
wards the extremity of the quadrant than the tangents increase, it will, 
therefore, be safest to determine such arcs from their cosines. 

When the sought angle is very small it will be best to determine it 
from its sine; although the tangent may be used with safety. 



Solution of Plane Triangles in general. 

(22.) We shall now proceed to apply the rules and formulas which 
we have just investigated to the several cases of plane triangles, repeat- 
ing the rule at the head of each case. 



CASE I. 

When a side and its opposite angle are among the given parts. . 

RULE. 

Sine of given angle, 
: its opposite side 
: : sine of any other angle 
: its opposite side. - 

Also, any given side, 

: sine of its opposite angle 
: : any other side 
: sine of its opposite angle. 

As the same sine belongs both to an angle and to its supplement, it may 
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PTTn doubtful in determimng an nngle of a triangle ftom its sine, whe- 
Aer to take the acute angle given hy tbe tables or the obtuse angle which 
ia its supplement. 

The following precepts will remove all doubt on this point. 

t- If the given angle is obtuse the sought angle must be acute, litis 
iiobviousj because a triangle cannot have two obtuse angles. 

3. If the given angle be acute, and the side opposite to it greater ihaa 
die side opposite lo the sought angle, tbis must be acute; ibr the greater 
ai^le must be opposite to tbe greater side. 

3. But when the side opposite to the given angle is less than that 
opposite to the sought angle, this may be either acute or obtuse, so that 
tno triangles exist under the proposed couditions, and the problem in 
question admits, therefore, of two solutions. The annexed diagram 
shows that with two giren sides AC, CB, and 
the acute angle A, opposite lo one of them, we 
may always construct twotriangles, ABC, AB'C; 
where the angle B, opposite to the other given side y^\,^ 
in the one triangle, will be the supplement of the ' 

corresponding angle B' in the other, provided CB is leas than CA. 



(33.) 1. In the triangle ABC are given 

AB = I37, AC = !i3, B = 78°13'. 
lo finit the remaining parts. 



ToJiiu/t/ieA«gkC. 


1£3 


Rrlth.corap. 7-8153088 


78° 13- 


9■990^502 


131 


. 2-1367206 


6^13' «' 





The obtuse angle, which is the supplement of this, is not admissible, 
because the side opposite to the given angle is greater than the side 
oppoaite the required one. 
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t 



11. To find the side CB. 

The angle A is equal to 180'' — (B-}-C)=:180°— 139<>26'41 
40® 33' 13", therefore, 

As sin. B 78^13' . arith. conip. 0*0092498 

: AC 153 . . . 2*1846914 

: : gui. A 40° 33' 13' . . • 0*8130198 



: CB 101*617 . . 2*0069610. 

2. In the plane triangle ABC are given 

AC =218, CB = 117, A = 22°3T', 
to find the rest. 

I. Tofind the Angle B. 

AsBC 117 . arith. comp. 7*9318141 

; sin. A 22° 37' . . . 9*5849685 

: : AC 216 ... 2*3344538 



: sm.B 45<'13'55"orl34°46'5'. 0*8512364 



The angle B is, in this example, ambiguous, because the side 0] 
site the given angle is less than that opposite the required one. 

u. Tofind the third iide AB. 

The angle C is equal to 180'' — (A + B) = 112''9'5",provide< 
take B acute; thereifore. 

As sin. A 22^37' . arith. comp. 0*4150315 

: BC 117 . . . 2*0681859 

::8in.C 112® 9' 5* . . . 9*9667005 



: AB 281 . . 2*4499179. 
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In each of the foregoing examples where two sides, and an angle 
opposite lo one, are given, we have found it necessary to find the angle 
opposite to the other givea side beibre ne could apply the rule to the 
determination of the third aide; so that1h« deternii nation of this third 
side requires two proportions, and there is no logarithmic method which 
will lead us to it by a shorter process. It may, howerer, be deduced 
directly boni the formula at (17), viz. 

COB A = *' + c'— "' . 

which gives 



= AB = 



.."Ai 



which expression is, however, not adapted lo Ic^arithmic computatioi 
3. In the plane triangle ABC are given 

A = 44°13'e4', B = 79° 40' 38", AB = 388, 
to find the rest, 

I. Tofnd the side AC. 

The angle C is equal to 180° — (A + B) = a5''59'58', therefore, 

Aisin.C 6S*S9'58' . atlth. comp.O-081428B 

: AB ass . . , 3'fi85a418 

::Bin.B Te°46'38' , H'B93tW03 



: AC 



43a-844 



2-6403267. 



; riln.A 44° 13' 34' 
: CB 309'ee5 



to find the side CB. 

HB' . uilb. comp. 0-D814S86 

a'fia584T8 

. B'843fil74 

2'4907e3S. 



■ In the plane triangle ABC are given 

AB = 408 yards, A = 74°H', B = 4e°S3'; 
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to find the other two sides, 

AC =: 371-9 yardsr. 

BCss4]6-02yaid8. 

5. In the plane triangle ABC are given 

AB=4a8 yards, A = 58°r, B=22<»37'; 

to find the other two sides, 

AC = 158-98 yards 

BC =351*03 yards. 

6. In the plane triangle ABC are given 

AB=r3I8, BC=sl95» A = 32<'40'; 

to find the angle C. 

C = ei** 40' 3', or 1 18° 19* 57^ 

CASE II. 

(24^ When two sides and the included angle are given. 

RULE, (art. 19.) 

As the sum of the two given sides, 

: their difference, 
: : tangent of half the sum of the opposite angles 

: tangent of half their difference. 

Having thus found the half difference of the unknown angles, we ob- 
tain the angles themselves, by first adding and then subtracting this 
half difference from the half sum. The angles being thus known, as 
well as two sides, the third side is found by the first case. 

The student will find a more compendious method of solution for 
this case in Prob. i.. Part iv.; but the rule here given will be more 
easily remembered. 

EXAMPLES. 

1 . In the triangle ABC are given 

AB = 137, ACs=5l53, Ass40P33'lS''i 
to find the other parts. 
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I. To find the other two Angles, 

The sum of the other two angles is (6 + C) = 180^— A= 139^ 
26'48^, therefore 

AaAB + AC SOO . aritb. comp. 7*53T0020 

: AC~AB 16 . 1*2041200 

: : tan. iKB + C) 60<» 43' 24* . . 10*4324460 

: tan.iCB'^C) 8<>20'3r . 9*1741680 

By adding 78^13'i' as greater angle B. 

By subtracting 61^ 13' 47' =s leas angle 0. 

II. Tofind the third side BC, 

As sin. B 78^13'r . arith. comp. 0*0092493 

: AC 153 . . . 2*1846914 

::sin.A 40° 33' 12" . . . 9*8180173 



: BC 101 •616 . . 2*0069580. 



2. In the triangle ABC are given 

ACs=:378, BC=:526, C=:32<' 18'26''^ 
to find the other parts. 

I. To find the Angles. 

The sum of the angles A, B is (A 4- B) ^ 180° — 32° 18' 26" ; 
147*» 41' 34'. 

s 

AsAC + BC 904 . aritb. comp. 7*0438316 

: AC'^BC 148 . . 2*1702617 

: : tan. 4 (A + B) 73° 50' 47" . . 10*538 1278 

: tan. i (A '^B) 29° 99' 34" . 0-7522211. 

By adding, 103° 10' 21" = greater angle B. 

By subtracting, 44° 31' 13" ss less angle A. 

d2 
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II. To Jind the $ide AB. 

As sin. A 44^31' 13' . arith. comp. 0*)541918 

: BC 626 .. . 2*7209857 

::8in.C 32*»18'26" . . . 9-7279143 



: AB 400*942 



2*6030818. 



If we wish to obtain the third side of the triangle immediately, with- 
out first finding the angle, we may do so by means of the formula at 
(17), adverted to in the scholium to last case; but as the computation will 
not be adapted to logarithms, it will in general be the shortest method 
to proceed as above, by two proportions. 

3. In the triangle ABC are given 

AB=:1637, AC =2065, A = 132° 7' 12"; 
to determine the remaining parts. 

B =26° 52' 42y', C = 21° 0' 5f , BC = 3387-974. 

4. In the triangle ABC are given 

ABs=1686, BC=:9dO, B=:128°4'; 
to find the rest. 

A = 18° 21' 20", C=:33°34'40", AC =2400-364. 



CAS£ III. 

(25.) When the three sides are given. 

A rule for this case, easy to be remembered, 
may be deduced fi:om the following simple 
geometrical investigation. 

Take the longest side AB of the triangle for 
base, and demit upon itthe perpendicular CD 
from the vertex, which will necessarily Ml 
within the base. With centre C and radius 
C A, equal to the longer of the two sides AC, 
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CBy describe a circle, and produce the sides AB, BC, to meet the cir- 
cumference; then it is plain that 

GB = AC -f CB, BF = AC — CB, BE = AD — DB. 
Now (Geom. Prop. 24, book 6.) 
GB-BF == AB-BE .-. AB- (AD — DB) = (AC -f CB) (AC — CB) 

.*. AB : AC + CB :: AC — CB : AD — DB; 
hence the following rule. 

» 

RULE I. 

Consider the longest side of the triangle as the base, and demit upon 
it a perpendicular from the opposite vertex, dividing the base into two 
segments; then say 

As the base, 

: the sum of the other two sides, 
: : the difference of those sides 

: the difference of the segments of the base. 

Having thus the sum and difference of the segments, each segment 
becomes known, and, therefore, in eachof tiie two right-angled triangles 
into which the proposed is divided, there will be known the base and 
hypotenuse, and this is enough to determine all the other parts. 

RULE II. (art. 20.) 
CO.. 4 A = >| *MS=l£l . ,i„. J A ^ ^ (llzifKi S-*) 

* ^ tS(iS-a) 

Both these rales are adapted to logarithmic computation, and thi 
last is much the shortest; when, however, the three sides are small 
numbers, it will be best to operate without logarithms, by means of the 
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formula (20), 

2 6c 

In applymg the logarithmic formulas in Rule 2 to the determination 
of any particular angle, it will generally be best, when this angle is op- 
posite to the longest side of the triangle, to uie the first formula, and 
when it is opposite to the shortest side to use the second; the third may 
be used when the required angle is opposite to the mean side. If two 
sides of the triangle are equal, then, of course, neither of these formulas 
will be used, as the unknown parts will be more readily found as in Ex- 
ample 3, p. 15. 

EXAMPLES. 

1. The three sides of the triangle ABC are 

AB = 1637, AC =2065, BC = 3387*974; 

required the angle A. 

a = 3397*974 

b = 2065 arith. comp. 6*6850799 

c = 1637 arith. comp. 6*7859513 

2)7089*974 

1 8=3544*987 3*5496146 

^S^a= 157*013 . 2*1959356 

2)19*2165814 

co8.JA= 66*>3'36" . 9*6082907 

.-. A=132»7'12". 

2. The three sides of the triangle ABC are 

AB = 98, BC = 95*12, AC = 162*34; 

to determine the angle A. 
Using the third formula in the second raley we have 
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&= 162-34 
c= 98 



2)355*46 



S = ir7*T3 arith. comp. 7*T502393 

|S — a= 82*61 arith. comp. 8*08296T4 

>S— -6= 15*39 . 1*1872386 

^S — 0= 79-73 . . 1*9016218 

2)18*9220671 
tan. I A s: 16'' 7' 26}'' . 9*4610335 

.*. A = .32°14'53i". 

3. In the triangle ABC are given 

AC = 6, AB = 5*523, BC = 1*372 ; 

required the angle A. 

Applying the second formula to this example we have 

a= 1*372 

bss 9 arith. comp. 9*2218487 

c= 5*523 arith. comp. 9*2578250 



2)12*895 



iS= 6*4475 
iS — *== *4475 . r*6577930 

^S — c=: *9245 . . 1*9659069 



2)18*0963736 



tin. i A =: 6'' 24' 66'* . 9*0481868 



.*. A = 12*>49'50''. 
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4. Tlie three sides of a plane triangle are 

AB = ]37, AC = 153, BC=: 101*616; 
required the three angles, 

A = 40*> 33' 12", B a= 78*» 13' 1", C = 61° 13' 4T". 

5. The three sides of a plane triangle are 

AB = 1686, BC = 960, AC = 2400*364 ; 

required the angle B, 

B = 128°4'. 

6. Required the angles when the sides are 4, 5, and 6. 

The angles are 41*>24' 35", 6^"" 46' 16", and 82^49' 9". 



APPLICATION OF PLANE TRIGONOMETRY TO THE 
MENSURATION OF HEIGHTS AND DISTANCES. 

PROBLEM I. 

A person on one side of a river observes an 
obelisk on the opposite side, and, being desi- 
rous to ascertain its height, he took with a 
quadrant the angle B = 55° 54', which the 
obelisk subtended at the place where he stood, 
then going back the distance BA=: 100 feet, 
he again measured the subtended angle, and 
found it to be A = 33° 20'; what was the 
height of the obelisk? 
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In the triangle of ABC are given the angle Ass 33^ 2(y, the angle 
ACB = 55® 54' — 33° 20' = 22*» 34', and the side AB; and, therefore, 
BC may be found by Case i» of obliqne angled triangles. Again, in 
the triangle BCD, we shall have given the side BC, and the angle B 
to find CD, which belongs to Case i. of right angled triangles. 

The actual computation, however, will be shortened by combining 
these two rules in a single formula, thus from the first 

A B sin. A 

"^ — lla. ACB* 
and from the second 

CD = BC nn. CBD 

^^_ AB sin. A sin. CBD 
•*• ^^ - sin. ACB 

•in. ACB 22° 84' arith.coinp. 0-4159424 

sin. A 83° 20' . 9-7309748 

sin. CBD 55° 54' . . 9*0186620 

AB 100 . 2 



BC li8'57» . . 2-0789792. 



The problem may be solved stdl more readily, as follows. 

If we take CD for radios, DB will be the tangent of the angle DCB, 
and DA the tangent of DCA, therefore, AB is the difference of those 
tangents; but by referring to the table of natural tangents, we find that 
to radius 1 

nat. tan. 56° 40' = 1-5204261 

nat. tan. 34° 6' = 6770509 



differences -8433752 



.-. -8433752 : 1 : : 100 : 118-57, as before. 



* To the height of the object thus determined the height of the ob- 
server's eye, or of the instrument, must be added. 
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PROBLEM II. 

A person at A wishes to know his distance 
Arom an inaccessible object at C, but he has A 

no instrument for taking angles. He^therefore, / \ 

sets up a staff at A, from which he measures Ak^^'y\ 

the distance AA'=60 feet, so that when he //\\ 

stands at A' the staff and the object appear in f/ ^\^ 

the same straight line A'C; he, in like manner, . 
measures another distance BB'=: 86 feet, from a second station B, 38 
feet from the former A, and he finds the diagonal distances AB', BA', 
to be respectively 97 feet and 81 feet. From these data it is required 
to determine the distance of A from the object C 

All the three sides of the triangle A'AB are given, therefore to find 
the angle A' AB we have, by using the first formula at (25), 

A'B=81 

A'A = 60 arith. comp. 8*2218487 

AB =88 aritb. comp. 8*4202164 



2)lt9 



IS=: 89*5 . . 1*9518230 
iS — A'Bs: 8*5 . 0*9294189 

2)19.5233070 



COS. i A AB = 54'' 4r 56" . 9*7616535 

.-. A'AB = 109<>23'52" .*. CAB = 70* 36' 8". 

Again, by applying the same formula to the triangle B' BA, we 
have 
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B'A = 9T 

B'B=:86 arith. comp. 8*0655015 

AB = 38 arith. comp. 8*4202164 



2)221 



110-.5 . 2*0433623 
13*5 . 1*1303338 



2)19*6594140 
COS. ^ B'B A = 47° 29^ 50" . 9-829T070 

.*. B'B A = 94° 59' 40" .-. CBA = 85°0'20" 
.*. C = 180 — (CAB + CBA) = 24° 23' 40". 

Consequently, in th6 triangle ABC, we have all the angles and one side 
AB given; hence, by Case i. 

sin. C 24° 23' 40" arith. comp. 0*3840330 

: AB 38 . . 1*5797836 

::8iB. B85° 0'20' . 9*9983479 



: AC 91*657 . . 1*9621645. 



PROBLEM III. 

At the top of a castle, which stood on a hill near the sea-shore, the 
angle of depression HTS, of a ship at anchor, was observed to be 4° 52' ; 
at the bottom of the castle the angle of depression OBS was 4° 2'. 
Required the horizontal distance AS of the vessel, and the height of 
the hill above the level of the sea, the height of the castle being 60 
feet. 

As TH, BO, are parallel to AS, we have TSA = 4° 52', and BSA 
= 4° 2'. Bearing this in mind we have 
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' BT sin. TSB 



In A BSA, AS = SB cos. BSA, AB = SB sin. BSA 



.-. 4 g. R ~ ^'^ «^"' ATS COS. BSA 

sin. TSB 




ABR = 



BT sin. ATS sin. BSA 



sin. TSB 

hence the logarithmic operation will be 
sin- TSB 0° 60' arith. comp. 1 '8373102 



sin. ATS 85° 8' 
COS. BSA 4° 2' 
BT 60 

AS 4100-4 



9*9984315 
9-9989230 
1-7781513 



sin. BSA 



1*8373192 
9*9984315 
8*8471827 
1-7781513 



3-6128250, AB 28912 . 2-4610847. 



PROBLEM IV. 

Tlie distances of three objects A, B, C, from 
each other, are as follow, viz. AB = 462 yards, 
AC = 328 yards, and BC = 297 yards ; a 
person at D, wishing to know his distance from 
each object, takes the angle ADB, and finds it 
to be 34° 16' 21'; it is required to" determine 
DA, DC, and DB. 

As the three sides of the triangle ABC are given we may find the 
angle CAB, and, consequently, the supplemental angle DAB, so that 
we shall have in the triangle DAB the two angles D, A and the side AB 
to find the rest. The computation will, therefore, be as follows. 
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I. Tojind the angle CAB. 

BC=:297 

AC = 328 arith. comp. 7*4841262 

AB = 462 arith. comp. 7*3353580 



2)1087 



543-5 




215*5 


2*3334473 


«l-5 


2*0111576 



2)19*0640891 



sin. i CAB = lO*' 54 1 i" . 0*5320445 
DAB = 180*> — 30«48'28"=140°11'32" .*. DBA = 15*' 32' 7". 

II. To find AD. 

As siD. D 24" 16' 2^ arith. comp. 0*3860770 

'. AB 462 . . 2*6646420 

: : Bin. B 15® 32' 7" . . 9*4278619 

: AD 301*01 . 2*4785809 



.*. DC = DA -f AC = 629*101 yards. 

III. To find BD. 

As sio. D 24? 16' 21" arith. comp. 0*3860770 

: AB 462 . . 2*6646420 

: : sin. A 140° 11' 32" . 9*8063252 



: BD 719-522 * * 2*8570442. 
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Hence the three distances are DA= 30101, DC = 629101, DB 
719 • 522. 



PROBLEM V. 

Suppose that from the top of a mountain, three miles high, the angle 
of depression of Uie remotest visible point of the earth's surface is taken 
and found to be 2° 13' 27'; it is required thence to determine the di- 
ameter of the earth, supposing it to be a perfect sphere. 

Let O be the centre of the earth, BA the 

mountain, AC the visual ray or line touching A ^ 

the earth's surface in C. Draw the tangent j^i/?^ 

BD, and join OD, OC; then the angle of de- /^ l^''^\^ 
pression EAC being given, we have also the ( q ) 

angle BAD, the complement of it, equal to 87° V y 

46' 33". Also since the tangents BD, CD, are ^^-. ^ 

equal, (Geom. p. 105,) we have the angle 

BOD = DOC = i comp. A = 1° 6' 49^', and, therefore, BDO = 88° 

53' 16V' 

Now in the right-angled triangle ABD we have 

BD=ABtan.A; 

and in the right-angled triangle OBD, 

OB==BDtan.BDO; 

hence, by substitution, 

OB = AB tan. A tan. BDO ; 

the computation is, therefore, as follows : 

AB= 3 . . 0-47T121» 

tan. A «7°46'33'' . ll*41t)7381 

tan. BDO 88°53'16i" . 11«T119309 



OB 3979-16 . . 3-5997903; 

hence the diameter is 7958 - 3 miles. 
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Given the distances between three objects A, B, C, and the angles 
subtended by these distances at a point D in the same plane with them ; 
to determine the distance of D from each object. 

Let a circle be described about the triangle 
ADB, and join AE, EB, then will the angles 
ABE, BAE, be respectively equal to the given 
angles ADE, BDE, (Geom. p. 50;) thus all 
the angles of the triangle AEB are known, as 
also the side AB; we may find, therefore, the 
remaining sides AE, EB. Again, the sides of 
the triangle ABC being known, we may find 
the angle BAG; hence the angle CAE becomes 
known, so that in the triangle CAE we shall 
have the two sides AE, AC, and the included 
angle given, firom which we may find the angle 
AEC in fig. 1, or the angle ACE in fig. 2, and 
thence its supplement AED or ACD; this 
with the given side AE and angle ADE, in 
the first figure, or with the given side AC and 

angle ADC in the second, will enable us to find AD, one of the requir- 
ed lines, and thence DC and DB the other two. 

Or the solution may be conducted more analytically as follows. 

Put X for the angle DAG, and x' for the angle DBC; also call the 
given angles ADC, BDC, a and a, then «, 6, c, representing as usual 
the sides opposite to A, B, G, we have 




sm.tt 
sin. « 

sin. ttsin. f' 
sin. a,' sin. x 



DC ' 



sm. a 
sin. X* 



a 



DC 



(1> 



— .*. a Bin, a Bin, of = b sin, a' sin, X . . (2). 



This is one equation between the unknown quantities j?, a/. Another 
is easily obtained; for since the four angles of the quadrilateral ADCB 
make up four right angles or 360°, we have x-\-j/-\-a-\-af^ ACD 

£2 
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-f BCD = 360°; the two latter angles maybe considered as known, 
since in the triangle ABC the angle C is determinable from the three 
given sides; therefore all the terms in the first member of this equation are 
known except x and sf. Call the sum of these known quantities /3, 
and we shall thus have x'' = /3 — jr, and, consequently, by substitution, 
equation ^2) becomes 

a sin. « sin. ()3 — ar) = 6 sin. «' sin. x 
^ a sin. a. (sin. /3 cos. x — cos. /3 sin. x) ; 

or dividing by sin. j-, 

h sin. A'z:^n sin. a (sin. /3 cot. x — cos. /3) 



.*. . cot. X = 



h sin. »' 



a sin. A sin. /3 

6 sin. a' 
a sin. A sin. /3 



+ 



cos. j3 



sin. j3 
-|- cot. /3. 



The first term of this second member may be easily x^ulated by 
logarithms, and this added to the natural cotangent of /3 gives the nat. 
cot. of j:*, and thence .r' is known firom the equation jr'=/3 — x, and 
CD from either of the equations (I). 



PROBLEM VII. 

Given the angles of elevation of an object taken at three places o 
the same horizontal straight line, together with the distances between 
the stations; to find the height of the object and its distance firom either 
station. 

Let AB be the object, and C, C, C, the 
three stations, then the triangles BCA, BC'A, 
BC'A, will all be right angled at A ; and, there- 
fore, to radius BA, AC, AC, AC", will be the 
tangents of the angles at B, or the cotangents 
of the angles of elevation ; hence putting a, a\ 
a", for the angles of elevation, x for the height 
of the object, and a, 6, for the distances O C, 
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C" C"', we shall have 

AC = X cot. (1, AC = J cot. a , AC = r cot. *". 

Now if a perpendicular AP be drawn from A to C C", we shall have 
(Geom. p. 35,) from the triangle ACC 

AC« = AC'«+ C'C« — 2 C'C • CT; 

and from Ae triangle ACC" 

AC"«= AC -f C" C -f 2 C" C • C P ; 

that is, we shall have the two equations 

dj«cot.*« =r»cot.9a'4-a«-.2aC'P 
«' cot.« a" = x« cot.» *' -I- A» -f 2 6 • C'P. 

n order to eliminate C'P, multiply the first by b, the second by a, and 
add, and we shall have 

i«(Acot.«« -I- acot.*«")= (a -f *)r»cot«*' -f a* (a -f 6) 

, ab(a 4- b) 

N £ cot.' * -f a cot.' *" — (a -f * cot.' «' 

If the three stations are equidistant, then a:=6, and the expression 

becomes 

a 

"" *y^ cot.' * + i coT.*^^— cot.* « * 

The height AB being thus determined, the distances of the sta- 
tions from the object are found by multiplying this height by the co- 
tangents of the angles of elevation. 



PROBLEM VIII. 



Three objects A, B, and C, whose distances are AC =8 miles, BC=7i 
miles, and AB = 12 miles, are visible fix>m one station D, in the line 
joining A and B, at which point the line joining A and C subtends 
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an angle of lOT*' 56' 13". Required the distances of the objects from 
the station, 

AD = 5 miles, DC = 4*892 miles, DB =: 7 miles. 



PROBLEM IX. 



Suppose the angle of elevation .of the top of a steeple to be 40° when 
the observer's eye is level with the bottom, and that from a window 
18 feet, directly above the first station, the angle of elevation is found 
to be 37° 30'. Required the height and distance of the steeple. 

Height = 210*44 feet. Distance 250-79 feet. 



PROBLEM X. 

In order to determine the horizontal distance between two remote 
objects A, B, a base line A' B' of 536 yards veas measured, and then a 
flagstaff being set up at each extremity, these four angles were taken 
from them, viz. at A' the angular distance between A and B, 57° 40', and 
the angular distance between B and B', 40° 16', also at B' the angular 
distance between A and B, 71° 7', and the angular distance between 
A' and A, 42° 22'. Required the distance between the objects. 

939*52 yards. 



PROBLEM XX. 



Three objects A, B, C, are in the same straight line, and of known 
distances from each other, viz. AB = 3*626 yards, and BC = 8*374 
yards, the angular distance of A, B, from a station D, where all the 
objects are visible, is 19°, and the angular distance of B, C, is 25°. 
Required the distance of each object from the place of observation. 

DA = 9*471 yards, DB =: 10*861, DC = 16*848. 
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PROBLEM XII. 

At thi*ee points in the same horisontal straight line the angles of ele- 
vation of an object was found to be 36° 50', 21° 24' and 14°, the middle 
station being 84 feet from each of the others. Required the height of 
the object. 

53*964 feet. 

PROBLEM XIII. 

There are three towns A, B, and C, whose distances apart are as 
follow: £rom A to B, 6 miles; from A to C, 22 miles; and £x>m B to 
C, 20 miles. A messenger is despatched from B to A, and has to call 
at a town D in a direct line between A and C. Now in travelling 
from B to D, he walks uniformly at )he rate of 4 miles an hour, and 
from D to A at the rate of 3 miles an hour. Supposing him to perform 
his journey in 3 hours, it is required to determine the position of the 
town D. 

The distance of D from A is 4 *72 miles. 

The student who has the practical applications of Plane Trigono- 
metry more immediately in view may pass over the following chapter, 
on the theory of the trigonometrical lines, and proceed to the first 
chapter of part iii., which contains the application of Trigonometry to 
Navigation. 
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INVESTIGATION OF TRIGONOMETRICAL FORMULAS. 

(26.) The formulas hitherto investigated are those only -which are 
immediately connected with the business of plane trigonometry, properly 
so called, that is, with the solutions of the several cases of plane triangles. 
Having disposed of all these cases, we shall now proceed to develop 
the theory of the trigonometrical lines more at large, dismissing all 
considerations of the sides of triangles. 

The following general expressions have already been established, viz. 

sin. ( A + 6) == sin. A cos. B + sin. B cos. A *> 



sin. (A — B) ^ sin. A cos. B — sin. B cos 
cos. (A -f- B) := cos. A cos. B — sin. A sin. B 
cos. (A — B) = cos. A cos 

From these equations we get 
1 . By addition. 



.A) 

> (1 

. A> 

I. B — sin. A sin. B ) 

> (2). 

.B-f sin. Asin. B ) 



sin. (A -f B) 4- sin. ( A — B) = 2 sin. A cos. B 1 

> . . . . (3). 
cos. (A -f B) -f cos. (A — B) = 2cos. A cos. B j 

2. By subtraction, 

sin. (A + B) — sin. (A — B) = 2 cos. A sin. B ") 

J. . . . . (4). 
cos. ( A — B) — cos. ( A -f B) = 2 sin. A sin. B J 

It is worth while to remark here that if we make A ^ 60°, then since 
cos. 60° = J, (p. 9,) the first of these foimulas furnish the equation 

sin.Br=sin.(60°-f B) — sin.(60° — B) .... (V); 

which is a useful expression in the work of computing tables. 
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3. By multiplication, 

sin. (A + B) sin. (A — B) = sin.* A cos.' B — sin.« B cos.« A 
COS. ( A H- B) COS. (A — B) ^ cos.' A cos.' B — sin.' A sin.' B. 

Or eliminating cos.' A, cos.' B, from each of these equations by means 
of the conditions 

sin.' A + COS.' A = 1 

sin.' B + COS.' B = 1 J 

the second members of them become, respectively, 

sin.' A — sin.' A sin.' B - sin.' B + sin.' B sin.' A, or sin.' A — 8in.*'B; 

and, 

1— sin.'B — sin.'A + sm.'Asin.'B — sin.'Asin,'B,orcos.'B— sin.'A; 

so that 

3in.(A+B>in.(A-B)=sin.'A— sin.'B=(sin.A+sin.BX8in.A— sin.B) 



i.A— sin.li) 1 
!.B— sin.A)3 



coj».(A + B)cos.(A— B)=C08.'B— sin.'A=(cog.B+8in.A)(cos." -^- *^*^ ^ 

4. By division, 

sin. (A + B) sin. A cos. B + sin* B cos. A 

sin. (A — B) "~ sin. A cos. B — sin. B cos. A 

cos. (A -f- B) cos. A COS. B — sin. A sin. B 
COS. (A — B) cos. A cos. B ~\- sin. A sin. B 

sin. ( A ± B) sin. A cos. B ± sin. B cos. A 
COS. (A±B) COS. A COS. B =f sin. A sin. B 

The right-hand members of these equations will assume other useful 
forms by dividing both numerator and denominator of each by certain 
expressions : thus, let the divisors for the first equation be 

COS. A COS. B, sin. A sin. B, sin. A cos. B ; 

those for the second, 

COS. A sin. B, sin. A cos. B, cos. A cos. B ; 

and those for the third the same as those for the first; we shall then 
have 
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8in.(A-f B) tan. A - f tan. B cot. B -f c ot. A 1+coi.Atao.B^ 

sin. (A — B) tan. A — tan.B cot. B — cot. A 1— cot.Atan.B 

C08.(A + B) cot. B — tan. A _^ cot. A — tan. B 1 — tan.Atan.B 

co8.(A — B) cot. B 4- tan. A cot. A -f tan.B 1 -t-tan.Atan.B ( 

«in.(A±B) tan. A ± tan.B cot. B± cot. A 1 j::Coi.Ataii.B 

cos.(A ± B) 1 ^tan.Atan.B cot.Acot.B=Fl cot. A T tan. B- 

The last of these immediately gives 

J. /A I t»N lan.A + tan.B tan.A — tan.B 

tan.(A4-B)=; — : — -r- — =r, tan.(A — B) = ; — — — = 

^ ^ ^ 1 — tan.Atan.B' "^ 1+tan.Atan.B 



1 XA . «\ cot.Acot.B — 1 ... _. cot.Acot.B-f 
cot.(A + B)=-— ^— — — ,cot.(A~B)= 



;l 



(T). 



cot. B + cot. A '^ cot. B — cot. A 

If A = 45°, then tan. A = cot. A = 1, therefore, 

4 tun B 

.-. tan. (45° + B) - tan. (45° - B) = ^ _ ^ , ^ (8) 

4 cot B 
cot. (45° - B) - cot. (45° + B ) = ^^, p* _ ^ (9); 

Such are the most useful theorems respecting the sums and differences 
of two unequal arcs, and they may be converted into other expressions, 
involving three or more arcs by simply substituting B + C + D -f- &c. 
for B. We shall briefly consider the case of three arcs, or angles, 
because of a curious property belonging to them whenever they make 
up either 180° or 90°. 

Let A, B, C, be any three arcs, and consider A 4- B as one, then by 
equa. (1) 

sin. ( A + B + C) = sin. (A + B) cos. C + cos. (A + B) sin. C 

= (sin. A COS. B -j- cos. A sin. B) cos. C -f* 
(co8. A COS. B — sin. A sin. B) sin. C 
COS. ( A + B + C) = COS. ( A -f B) cos. C — sin. (A -f- B) sin. C 

= (cos. A COS. B — sin. A sin. B) cos. C — 
(sin. A COS. B -f cos. A sin. B) sin. C. 
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Let now the sum of thethree arcs be 180% or^ indeed, any multiple 
of 180% then the sine of this simi will be 0, so that the first of these 
equations gives 

sin. A COS. B cos. C + co<^* A sin. B cos. C + 
COS. A COS. B sin. C = sin. A sin. B sin.. C ; 

dividing both sides of this equation by cos. A cos. B cos. C, we have 

sin. A sin. B sin. C 



sin. A , sin. B , sin. C 

■ J- -^— — -A- sz • •■ • — — — — : 

COS. A cos. B COS. C cos. A cos. B cos. C 



that is. 



tan. A + tan. B + tan. C = tan. A tan. B tan. C ; 



a remarkable property of the angles of a plane triangle. 

Again, let the sum of the three arcs be 90% or any multiple thereof, 
then the cosine of this sum will be 0, so that the second general equa- 
tion above becomes 

COS. A COS. B COS. C := cos. A COS. B cos. C 4~ 
sin. A COS. B sin. C -j- cos. A sin. B sin. C ; 

dividing both sides by sin. A sin. B sin. C, we have 

cot. A cot. B cot. C = cot. A + cot. B + cot. C. 

(28.) To deduce formulas for multiple arcs we have only to put n A 
for A -|- 6 in the preceding expressions. We thus get from (1) 

sin. nA=sin. Acos. (n — l)A + sin. (n — 1) A cos. A 
COS. 91 A = COS. A COS. (» — 1) A — sin. A sin. (n — 1 )- A ; 

80 that putting for n, 1, 2, 3, &c. successively, we have $ 

sin. A = sin. A ^ 

•In. 2 A := 2 sin. A cos. A 

sin. 3 A = sin. A COS. 2 A H- sin. 2 A COS. A )-.... (10) 
sin. 4 A = sin. A cos. 3 A -f siii* ^ A cos. A 
<fec. «&c. > 
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co«. A = COS. A 

COS. 2 A = COS.* A — sin.' A 

cos.3A = cos. Acos. 3A — sin. A sin. 2 A 

COS. 4 A =cos. Acost 3 A — sin. 



UD. AStn. XA ^ 

sin. A sin. 3 A I 
<fec. J 



. • . 



(11). 



We may put the general expressions for sin. nA, and cos. fiA, under a 
different form, by making use of the second equation in (1) and (2), 
thus putting (n — 1) A for A, and A for B, these become 

sin. (n — 2) A = sin. (n — 1) A cos. A — sin. A cos. (n — 1) A 
cos.(n— -2) A = co8. (n — 1) Acos. A -j-sin. (» — 1) Aiin. A; 

or, by transposing, 

= — sin. A cos. (n — 1) A + sin. (n — 1) A cos. A — sin. (n — S) A 
0= COS.ACOS. (n — 1) A + 8in. Asin. (n — 1) A — cos.()i — 2)A; 



! 



adding these two equations to those above, there results 

sin. n A := 2 sin. (n — I) A cos. A — sin. (n — 2) A 
cos.n A^2cos.(n — 1) Acos. A — cos.(n — 2) A 

hence, 

sin. A = sin. A 
sin. 2 A = 28in. A cos. A 
sin. 3 A s= 2 sin. 2 A cos. A — sin. A 
sin.4A=:2sin. 3Acos. A — sin. 2 A 
<fec. <fec. 

cos. A s= cos. A 
COS. 2 A ^ 2 cos. A cos. A — 1 
COS. 3 A s=s 2 COS. 2 A COS. A — cos. A ^ . 
cos. 4 A =2cos.3 A cos. 2 A— cos. 2 A 
dsc* <fec. 



(18)J 



(13) 



. (14). 
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(29.) The sines and cosines of multiple arcs may also be developed 
in t»ms of the powers of the sine and cosine of the simple arc, by help 
of a remarkable formula, known by the name of De Moivre's fohnula, 
which may be easily established, as follows. 

Multiply together the two expressions, 

COS. A -f sin. A . >/ — 1 and cos. A, + sin. A, . n/ — I5 
and we shall have the product 

cos. A COS. A| — sin. A sin. A, -f 
• (cos. A sin. Aj -f sin, A cos. A, ) v — 1; 

which, by the equations (1), (2), is the same as 

COS. (A + Aj) + sin. (A + Aj) \/^^; 

which is of the same form as the original &ctors, consequently, multi- 
plying this by the new fector * 

COS. A3 + sin. Aj . >/ — 1, 
we must have for the product 

COS. ( A + A, + A3) + sin. ( A + A, + Aj) V"— 1, 

and thus by continually introducing a new &ctor, we must have 
geneially 

(coe. A -f sJn. A . >/— 1) (cos. Aj + sin. A, . >/— -1) (cos. A, + 

shi. A, . >/— 1) &c. = 

COS. (A -f Aj + A, + <fec.) + sin. ( A -f A, + A, + Ac.) >/— 1. 

Suppose now that 

A = A, = A, == <fec. 

then this equation will become 

(cos. A -f sin. A . >/— 1)« = cos. « A + sin. n A . V-— 1 
or, writing the radical with ^e double sign, 
(cos. A ± sin. A . «/— i)»=cos. n A ± sin. nA . 's/ — 1 .... (15); 
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n is here a whole number, but, in order to show that the formula holds 

n 
when the exponent is a fraction, put a = — A; then, bythisfonnuhiy 

m 

(cos. a ± sin. a . V — 1) "» = cos. ma ± sin. m A . v — ^1 = 

cos. n A ± sin. nA»^/ — 1 = (cos. A ± sin. A . V — 1) » ; 

therefore, extracting the mth root of the first and last members, and re- 
storing the value of a, we have 

cos. — A ± sin. —A . >/-- 1 =(co8. A ± sin. A . n/ — 1)^.(16); 
mm * 

which b the formula of De Moivre. 

If we take the reciprocal of each side of this equation we shall have 

1 



J. — A±8in.— A. V — 1 



= (cos. A ± sin. A . v — 1) » 



cos. — A ± 

m m 



and if we multiply both numerator and denominator of the first member 

of this by cos. — A =F sin. — A . >/ — i, the denominator will then he- 
rn wi 

n n 

come COS.* — A -f- sin.* — A = 1 ; hence 
m m 

n 

cos. r^ A =F sin. — A . >/— l=s (cos. A ± sin. A . >/ — 1) ^(IT); 
m m 



n 
so that the formula (1 6) remains true, whether — be positive or negative. 

m 

n 
If in (16) we make — negative, the signs ±, in the first member, 



n 

m 
n 

m 

will be inverted as here, because the sign of the sine is the same as that 
of the arc. 

It may seem to the student that there is a v^ant of generality in the 
first members of (16) and (17), which ought to contain m values, seeing 
that the mih root appears in the second members. But this defect is 
only apparent; for it must be remembered that while the lines sin. A, 
COS. A, in the second member have each a certain fixed value, the arcs 
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A> to which these lines indifferently belong aie innumerable. The first 
member inyolves a proposed fractional part, not of any^ particular one 
of these arcs, but of any one of them indifferently; it is easy to see, 
therefore, that the first member involves a variety of values, and they 
may be shown to be in number m. (See note A at the end.) 

(30.) Let the first side of (15) be developed by the binomial theqrem 
and the equation will become 

COS.* A ± n cos. * - ' Ap -I — ^-- — ■ cos. •• - ' Ap* ± <fec. 

= C08. n A ± sin.n A • V — Ij 

p being put for the imaginary sin. A . v — i . 

Now as in any equation the imaginaries on one side are together 
equal to those on the other, (Alg. p. 1 26,) we have by expunging all 
the imaginaries on both sides, the following expression for cos. nA> viz. 

cos. n A ^ co8.*» A "" co8.*~*A8in.*A-f- 

2 

n(« — l)(« — 2)(n — 3) . .* . i* ^ 
— i 4—;; — /-^ cos. * - * A sin.* A — <fec. 

In like manner, by expudging all the rational terms on each side of 

the same equation, and then dividing by v — 1, there results for 
sin. It A, 

sm. n A ss n cos. ** * A sm. A ^ — -_.c^_— .i cos. * - ^ A sin.^ A 

2 '3 

+ &c. 
From these two expressions may be obtained series, for the value of 
the sine and cosine of an arc in terms of the arc itself. For let n = — , 

o' 


■nd sin. AssOss A, then nA = — = any finite quantity >^ hence 

by iheae substitutions the foregoing series become 

cos. « ss 1 — - — - -f ■- — -— - — - — <fec. 
1 • 8 ' 1 • 2 • 3 • 4 

f2 
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sin. X :=zx — , — - — - + - — --— ; — - — &c# 

by means of which we may calculate the values of the sine and cosine 
of any arc x, in parts of the radius or linear unit^ when we know the 
length of X itself, accoi*ding to the same scale. The length of any arc 
in parts of the radius is easily ascertained from the known value of 180^, 
or of a semicircle, in those parts, which, by putting ir for the semicir' 
cumference to radius 1, is (see Geom. p. 133) 

IT ss 3*14159265358979, <fec. 

X X f 

so that the lencfth of an arc of x de&rees is * ir = . — . 

^ ^ 180 90 2 

As in calculating the sines and cosines x may be always taken lea? than 

X 

90, it follows that will be a decimal fraction : if we call this m 

90 

we may write the foregoing series thus, 

sin. (m • 90®) =m -- — ~-^ m? + • ^\\ m^ — Ac. 
^ ^ 2 l-2*3 ^1'2»3«4»5 

cos. (»j • 90*0 = I - 4^ ^*^ + , ^n'^o' . w* — <fec« 
V / 1.2 ' 1 • 2 •.3 • 4 

which series are now in a form suited to immediate calculation. 
Suppose, for example, the sine and cosine of l' are required, then 

m = .-. m — = •0002908882, &c. 

90 X 60 2 

.-. sin. r = *0002908882, <fec. — ('0002908882, Ac*)» -f- &c. a» 

•0002908882, <fec. 
COS. I'ss I -r- \ ('0002908882, <fec.)' -f <fec. sa 

99999995T7 Ac. 

and from knowing the value of sin. \* and cos. V we might compute 
the sines and cosines for every minute in the quadrant, by means of the 
formula (3), which, when 6 s= 1', becomes 
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Mn. (A + 1') ss 2 sin. A cos. 1' — sin. (A — i'), 

b which A is to he made successively equal to 1 ', 2', 3', &c . But we shall 
not enter into the details of this computation here, our present ohject 
heing to deduce formulas for the sines, cosines, &c. of multiple arcs. 

From the general expressions already given for sin. nA, and cos. nA, 
those for tan. nA, cot. nA, &c. may be readily obtained by help of the 
equations at (9); we shall not, therefore, occupy the space by writing 
them down, but confine ourselves throughout the remainder of this 
article entirely to the consideration of double arcs, as formulas for these 
are in much more frequent request than for any liigher multiple. The 
formulas of which we speak may, of course, all be deduced from the 
gaieral expressions investigated in the beginning of this article, but, 
for simplicity sake, we shall go nearer to first principles, and deduce 
them from the expressions in art. (26). 

Referring to the equations (1), (2), art. (26), we have when A s=B, 

sin. 2 A ^ 2 sin. A COS. A .... (18) 
cos. 2 A as COS.* A — sin.' A, or cos. 2 A = 2 cos.' A — ] , 
or COS. 2 A =7 1 — 2 sin.' A .... (19); 
and from the last two of these we immediately get 

con. A = >/ J + 4 COS. 2 A, sin. Ass >/^ — ^ cos. 2 A .... (20); 

and, therefore, by division, 

. J 1 — COS.2A . ^ I 1-I-C08.2A 

tan.A«:>J— — -, cot.A = N— -5- --— .... (21); 

1+ COS. 2 A 1— cos. 2 A ^ " 

from which we get two new expressions for cos. 2A, viz. 
_ „. 1— tan.'A cot.'A— 1 

If instead of A we write 45® — A, then since cos. (90® — 2A) = 
sin. 2A, we have 

,in g .^ l-t>n.'(45®-A) cot.' (46° ->■ A) ^ 1 
"~l+tan.'(45«» — A) cot.' (45«> — A) + f * 

It may be worth while to remark that the radical in the above ex- 
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pressions for tan. A, cot. A, may be removed by multiplying the Qi> 
merdtor and denominator "Of each fraction by its numerator: wethiu 

have 

1 — cos. 2 A ^ . 1 -f cos. 2 A 

tan. A ^ -. — -r-: , cot. A = — ^ ^ ■ • 

sin. 2 A sin. 2 A 

For the tangent and cotangent of a double arc we have, by divinoo, 

(18), (19), 

sin. 2 A 2 sin. A cos. A 
cos. 2 A COS.* A — sin.* A ' 

that is, dividing numerator and denominator of the second member by 

sin. 1 

cos.*A, or by sin.'A, and recollecting that — '— b= tan., and that — • 

cos. tan. 

sscot., we have 

2tan. A 2cot. A 2 



tan. 2 A =: 

1 — tan.* A cot.' A — 1 coi. a — tan. a j 

W23) 

^^^ 1— tan.»A cot.»A— 1 ,, ^ ^ ^ ^.1 

cot.2A = — TTT ; — = — :; — -— r— =s* (cot. A— tan. A): J 

2tan.A 2 cot. A ' ^^ 

which expressions also immediately come from the values of tan. 
(A 4- B), cot. (A 4- B), at (26), by putting A ==: B. 

Comparing the aboye value of tan. 2A with the expression (8), art 
(26), we have, 

2tan. 2 Asrtan. (45® + A) — tan. (45« — A); 
or which is the same thing, 

2tan.A = tan.(45«4-|A)— tan.(45«>— iA) .... (V). 
Formulas for the secants and cosecants of double arcs are easily de- 
duced from those for the cosine and sine, because sec. =: . nod 

COS. 

cosec. = — : — ^ thus, from equation (22) above, we have 
sm. 

o A — . 1 4" faP «* A tec.* A 

*^'*^-~r=rti7A -2--8ec.«A' 

and, from equation (18), 



II — COS. A 1 — COS. A 
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cosec. 2 A = --^ — T- = 4 sec. A cosec. A. 

28iii. Aco8«A 

(31.) Another useful class of formulas are those for half arcs; they 
may be easily deduced from the expressions for the double arcs : thus 
putting i A for A, we have from (20). 

sin.^ A = >/^~ico8. A, cos.^ A=>/i 4-1 cos. A . . . . (24); 
also from (21), 

1 -f cos. A sm. A I 

\ . . . . (25). 
I 1 4- COS' A 1 4- cos. A I 

1 — COS, A Sim A 

Other useful values of sin. | A, and cos. i A, are derivable from the 
equation (18) last article, for when i A is put for A the equation is 

sin. A = 2 sin. } A cos. ^ A .... (26), 

and if this be either added to or subtracted from 

l=sin.9iA + cos.*JA, 

the second member will become in each case a perfect square, viz. 

1 4- sin. A =: (sin. i A 4- cos. ^ A)' 
1 — sin. A = (sin. J A — cos. ^ A)* ; 



hence, 



VI 4- sin. A = sin. i A 4- cos. ^ A 
vl — sin. A =: sin. J A — cos. J A. 



Let A be less than 90% then the radical must be taken positive in 
the first, and negative in the second expression; hence, by additio 
and subtraction, 

sin. i A = i { Vl+sin.A— n/i— sin.A} 

. • « • c » /• 

cos.| A = i { >/ 1 4- sin. A 4- >/l— sin.A} 
By means of these two expressions the accuracy of a table of sines 
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^^^P and cosines may be examined; thai is to say, from thecalculatedvaluea 
^^H ain. A, in the table, we may compute, by these equations, lUe ralues of 
^^V sin. } A, and of C03. } A ; if these agree with the tabular values, found 
^^^1 by other means, we may couclude that the tables are correct in the parts 
^^P thus verilied. Formulas employed in this manner to put the accuracy 
^^ of the tables lo the test are called formulas of verification. We have 
given three of these, and marked them with the letter (V). 

(32.) The following formulas involving the half sums and half dif- 
ferences of two arcs are of frequent application : substitute i (A + B) 



for A, and |(A — B) for B, in the 
and we have 
•in. A+rin.B = 29ln. S(A-|-B)caa.i(A — B) 
coB.A-|-coi.B = Scos.l(A-)-B)co>.}(A — B) 
■in. A — ain. B =: S^cos. J (A + B) sin. { (A — B) 
OS.B — Ma.A = 29in. iCA + B)«in. iCA — B). 
I «Dd from these we get, by division, 



(3), (4), at art. (26) 



in. A 



.A- 



cos. A -1- COS. 


B" 


=tan.KA + B) 


i — 


,B-cos.A ' 


(J0t.HA+B)..(2S) 


rin. A — Bin. 


B_ 


=ten.i(A-B) 


ain. 
'cob 


A+ain.B 
.B-CO..A ' 


[:ot.i(A-B)..(»). 


COS. A -)- CO*. 


,B" 


in each of these expressions let A = 


= 90°,and we 


shall have 


l + sm.B = 


3 sin 


.(4S"-|-iB)cos 


.C45" 


-lB) = 2sln 


.'(45°+ IB) 


c<ie.B = 


3 COS 


.(4S° + JB)c<B, 


,(45'' 


-lB)=2co* 


..'iB-l,bre,.IS, 


1 — iln.B = 


2 cos 


.(45°-l-iB)sln. 


,(45" 


— iB)=2co, 


..>C45= + iB) 






= 3 Bin. 


'(4S' 


^-iB) 




1— coi.B = 


Siin 


.(4S°-|-lB).ln.<45= 


— lB)=2ain 


.■IB, hyeq. IB, 


* + siu.B 


,„ 


.(45"-|-iB), - 


1—1 


='"-^ -cot 


(4S'' + iB) 


OOS.B 


cos 


-^j— -cot. 




cot, 


(45= -IB), 




= tBn. 


(«'-iB) 


l + iin.B 


itan. 


■(45= + lB), - 


L±; 


^LJL^coL'IB. 



TRIGONOMETRICAL FORMULAS. 59 

Agauiy dividing (28) by (29), we have 

gin.A4-gin.B _ tan.i(AH-B) . 8in.A—8in.B __ cot|(A + B) 
8lii.A— 8in.B""tan.i(A— B)'' 8in.Ai-sm.B cot. J (A— B)"^^ 

Lastly, substituting A -f B for A in (26) last article, we have 

sin. (A -f- B) = 28in. i (A + B) COS. |(A + B) ; 

sand dividing this by each of the formulas (27) in succession, there 
results 

8in.(A + B) _ co8.^(A + B) 
sin. A + sin. B cos. ^ (A — B) 

8hi. (A + B) __ sin. i(A + B) 
COS. A -f COS. B COS. J (A — B) 

8in.(A-fB) _ 8ip.KA + B) 
sin. A — sin. B "" sin, J (A — B) 

sin. (A + B ) COS. J (A + B) 

COS. B -* COS. A sin. ^ (A — B) 

(33.) We shall conclude this chapter on the theory of the trigono- 
metrical lines, with two curious and useful propositions. 

1. To express the sine and cosine of a real arc by means of imaginary 
exponentials. 

By the exponential tkeorem^* 



X Sl jc 

e*cs\ + xA 1 h + <fec. 

where e represents the base of the Naperian logarithm^, that is, e = 
2' 7182818, &c. 

For JT substitute x v — i, and — x V^ — 1 successively, and we have* 
these developments, 

e''^~' = i + xN/:ri-,4-- '^'^7^ + ';! v T&c. . (1) 

• 2 2'32*3*4 



* See the '* Elementary Essay on the construction of Logarithms," 
page 68. 
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hence, by addition, 

«• •+* ' >=2(i__+_£__4e.) 

But by art. (30) the series on the right is the development of cos. jt, 
hence 

COS. « := 



2 

By subtracting (2) from (1) we have 



z 



v 



-»— e"'^""* =:2>/ — l(x — 



But by art. (30) the series on the right is the development of sin. 
X', hence 

e — c 
sm. X = . . 

2V— 1 

2, To develop sin.* x, coi,^ x^ in terms of the sine and cosine of the 
multiples qfx. 

Put 

cos. X + sin. a . v — \ szu'\ 

> (1), 

I. X — sin. X . V — IssvJ 



cos 
then art. (29), 

cos. nx 4- sin. nx . v — 1 = «< 

cos. nx — sin. nx . v • 



> (2); 



from which, by addition and multiplication, we get 

%^^v*=s2 cos. nx, tt» 0**5= 1 .... (3). 
Add together the equations (1) ; there will result 

cos. Jf = — (m + ») J 
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and, therefore. 



^^•**= 2^ (" + »')•'= 2S(» + «)"> 



hence, by the binomial theorem, 



2* 



-t..^^i^nL).,H-« 



2 



«»• — « t;« 4- &c. }, 



or. 



co8.*x=~{o» +n»«->t< + ^-^^3 — ^t^-«M« + «fec. }; 
2* 2 

adding these equations together, and dividing by 2, we have 

COS.* X s= ^~ r {w* 4- 0* 4- nuv (w"— • -f »* — *) -|- 

2* -}" 1 

?i^^:^^ ttao»(tt« -* + »-♦) + Ac.}. 

2 



But from (3) 




«i» -|- »* = 2 COS. nx 


«&=r I 


K"-* + »»-*=r 2cos. (n — 2)x 


tt«»«=l 


M*— ♦ + 0* -* = 2 COS. (n — 4) X 


M* V* = 1 


<fec. (fee. 


*fec. «fec 



hence, by substitution, the development of cos.*!* becomes 



COS.* X = rr- {cOS. nx + H COS. (« — 2) X + 

2* 



n(n — 1) 
2 



COS. (n — 4) X + &c.} 



(-»). 



Again, subtract the second of (1) from die first, and we have 

/ U—— V 

2 sin. X .V — 1 = w — V .*. sin. x = m ; 

2 V— 1 
and, consequently, 

(u — «)»» 



sm.» X = 



(2n/ — l)»* 



G 
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1 . Let n be even, then (Algebra, p. 149,) 

(w — »)*:= (c — w)« ; 
hence, 

sin.« X = , (u — »)«, or sin." x = , (v — w)* ; 

(2 >/_!)« (2V — 1)« 

and by adding these equations together after having developed (u — v)", 
and (y — m)*, we have 

2 sin." X =: J {«« + »» — w«r (w»- ' + 1;» - *) -|- 

(2V — l)« 

and making the same substitutions as before in virtue of (3), and re- 
collecting that, because n is even, (v — l)*r=:Fl, the upper sign 
having place when n is either of the numbers 2, 6, 10, £cc. and the 
lower sign when n is either of the numbers 4, 8, 12, &c. we have 
for the development of sin.^j 

gin." X =: T — {co3. nx — n cos. (n — 2) x 4- 

— ^-- ■ cos. (w — 4)x— <fec.} .... (5). 

2. Let n be odd, then 

(?« — »)»» = (— 1)« (« — «)» = — (» — «)»; 
therefore, 

sin." X = — — (m — «)", or sin." x = (t; — ii)" : 

(2V — 1)» (2V— 1)» 

and developing (u — 1?)», (v — tt)" as before, and taking the sum of 
these equations, we have 

2 8in."x^ . Jm" — 1;» — «wt; (m"~ '—»"-*) -4- 

(2 V^ 1)" ^ 

^-^^^^tt'v'Cw'*-* — »"-*)- &c.} 



TRI60190METRICAL FORMULAS. 63 

But from the equations (2), 

II* «_tT* = 2 sin. nx V — 1, n* v» = 1 ; 

consequently, since (v — l)«^>=s:|:i, the foregoing development 
becomes 

sin." * = T — {sin. nx — n sin. (« — 2) x 4- 

n(H — 1). , -. ^ , 

— ^ sm. (« — 4) « — «fec. ]; 

3b 

the upper sign having place when n — 1 is either of the numbers 2, 6, 
10, &c. and the lower sign having place when n — 1 is either of tlie 
numbers 4, 8, 12, &c. , The general term of the first series of numbers 
is 4m + 2^ that of the second series 4m, 



END OF PART I. 




PART II. 

ELEMENTS OF SPHERICAL TRIGONOMETRY. 



OHAPTBIl I. 



ON THE SPHERE. 



(34.) A SpHr.aE is a solid whose surfece is every where equally Jis- 
tant from a certain point within it, called the centre. It may be geni- 
lated by the revolution of a semicircle about the diameter. 

Any lioe drawn &om the centre to the surface of the sphere is called 
the radius; and the line through ihe centre having both its extremities 
■t tiie suifece is the diameter. 

A plane suriiice, or simply a pkne, is that in which if any two poioU 
whatever be taken, the straight line which joins them shall lie wholly in 
thai auT&ce. 

A plane may be drawn through any three points, taken at random 
'1 space, but not through rooi'e than three; for having joined two of the 
proposed points by a straight line we may pass a plane through this 
line in any direction, and we may turn it round upon this line till it 
arrives at the other point. Three points, therefore, not in the same 
straight line, fix the position of a plane. 

It follows from this that the common intersection of two planes roust 
he a straight line ; for, if among the points in the intersection there be 
three which are not in the same straight line, the two planes passing 
through them must coincide and form but one. 

A straight line is said to be perpendicular to a plane when it is per- 
pendicuhtf to every straight line in that plane, drawn through Wafaot, 
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or the point where the perpeudicularmeets the plane. These defimCioDs 
will suffice for the purpose of establishing the necessary preliminary 
theorems of spherical Geometry. 

(35.) If a sphere be any how cut by a plane, the tectum mutt be a 

Let C be the centre of the sphere, and ADB 
the plane section ; draw Ce perpendicular t 
this plane, and from c draw any line cD in th 
section and terminating at the surface; the 
Ihe angle CrD must be a right angle. Join " 
CD, then wherever the point D may he, CD 
will always be of Ihe same constant length, 
being the radius of the sphere ; and in cm 
quence of the right angle r, rD ^ v CD" — Cif; hence cD must 
have the same constant lengOi in whatever direction it be drawn, thai 
is, the bounding line ADB is the circumference of a circle of which 
c is the centre. 

The circle is, obviously, the larger, as it is nearer to the cenlie C of 
the sphere, or as its perpendicular distance Cc is less, because CD 
being constant fD increases as Cc diminishes, and becomes the great- 
est possible when Ci; is 0, that is, when the section passes through 
the centre of the sphere; hence every circle whose plane passes through 
the centre of the sphere is called a great circle of the sphere, and every 
other a small circle. 

It is obvious that the circumference or a great circle may be drawn 
through any two points on the sur&ce of a sphere, because a plane may 
be drawn through these two points and through the centre also, but a 
great circle cannot be drawn through three points on the aurfece, lakeD 
at random, because then a plane m^ht be drawn through lour points 
taken at random; a circle of some kind, however, may always be drawn 
through three points on the surfece of the sphere, since a plane maybe 
diavra through lliem. 

Tlie line Cc from the centre of the sphere perpendicular lo the plane 
of the circle passes, as we have seen, through its centre c; if this line be 
produced both ways to the surEice of the sphere, the opposite points P, 
P", are called the poles of the circle. Thus every cirele on the sphere 
has two poles diametrically opposite, the diameter which joins them 
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teiog perpendicular to Ihe plane of the circle. The poles of a small 
circle are unequally distant liom its plane, the inequality of distance 
sraounting to twice Cc; but in a great circle this inequality Viinishes, 
and the poles are equidistant from the circle. 

As the poles of any circle are at the extremities of a diameter of the 
tpbexe, an infinite nuniberof great circles may be drawn through them; 
indeed, every circle passing through them will necessarily be a great 
circie, because the entire diameter joining ihem must be comprised in 
every plane drawn through them. The distance of any circle from 
either of its poles, measured upon any of these infinite number of great 
circles, is coustanlly the same, tliat is, the distances or arcs PB, PD', 
PD, PA, &c. are equal, because the constant line Pc is the common 
versed sine of all lliese arcs to the common radius CP; hence the other 
distances P'D, P'E, &e. must be equal. Every arc of a great circle Is 
thus distant from either pole by a quadrant or 90°. 

(36.) Two greet circUi almatfs intersect in two points, at the distance 
of a Kmicircle ^from each other, that is, the circumferences bisect each 
other. For as the plane of each circle passes througli the centre of the 
sphere their intersection must be a diameter common to both circles, 
and it is at the extremities of this diameter that the circumferences cross 
each other. 

From this we learn that if from any point on the sphere two qua.' 
dranlal arcs can be drawn to two points in any gieal circle, the distance 
between the points hemg less than 160°, then the first point must be 
the pole of this great circle; for it is necessarily the pole of some great 
circle passing liirough the proposed points, and as only one great circle 
can pass through two points, which are not 180° apart, the pole must 
belong to the circle in question. 

In spherical trigonometry, the area of great circles only are concerned, 
and the angle included between two such arcs, that is to say, a sphe- 
rical angle, is measured in a manner analogous to that in which a plane 
angle is measured. For ibe measure of a plane angle we take the in- 
tercepted arc of that circle whose centre is at the vertex, and whose 
radius is some assumed unit: in like manner for the measure of a sphe- 
rical angle we take tlie intercepted arc of that circle whose pole is ai 
the vertex, and whose radius is some fixed unit, viz. the radius of the 
sphere on whose suiliLce the angle is : Ihu^, in the foregoing figure tlie 
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Spherical angle D PD' ia measured by the intercepted arc QQ', of which 
the pole is P, :uid radius, CQ, that of the sphere. 

Itisaseasytojustify the propriety of adopting this mode of measuriiig 
spherical angles as it is to justify the method of measuring plane angles 
for in both cases the intercepted arc varies as the angle; this, by the 
by, is true of the intercepted arc DD' of any small circle nhoae pde 
is P, but we are compelled to refer the measure to a great circle, in 
order that all the trigonometrical lines concerned in the same inquiij 
may be related to a common radius, for, as we have before remarked, 
the sides of a spherical triangle are always arcs of great circles. 

From what we have just said it appears thai a spherical angle DPIV 
has the same measure as either of the equal plane angles QCQ', DcD', 
Sec. situated in tlie planes of the circles whose common pole is P, and 
whose sides are formed by the intersection of these planes with those 
of the two great circles, forming the aides of die spherical angle. If at 
P tangents were drawn to the two great circles PD, PD', and in their 
planea they would obviously include the same angle as the lines CQ, 
CQ', to which they are parallel; indeed if we conceive the plane of die 
circle IIQQ' to move parallel to itself towards the pole, P, the path of 
C being along the Une CP, the angle QCQ' will successively coincide 
with QCQ', Driy, &e. lill C coincides with P, when the linea CQ, 
CQ', will become tangents to the circles at P, and will remain each 
in the plane along which it has moved; hence the measure of the 
angle included bettceen these tangents is also the measure of the spheriorl 
angle. 

(37.) If in the plane of IIQI perpendiculars be drawn fromC loeach 
of the planes of the circles PQP', PQ'P', these will be perpendicular to 
the lines CQ, CQ', and will therefore, include the aame angle, which 
angle vdll be measured by the arc of UQI, which the said perpendiculars 
intercept; but these perpendiculars wiU meet the sur&ce at the poles of 
the circles to whose planea they are perpendicular; hence the great 
circle distance between llie poles of two intersecting great cirrles 
measures their angle of intersection. 

Ever^ great circle which pasKs through the poles qf another isal right 
angles to it. Thuathegreat circle PDQP,through the polesofllQQ'I, 
is al right angles to HQQ'l ; for if a tangent were drawn to PQP' al 
the point Q it would be in the same plane with and parallel to CP, and 
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ifa tangent were drawn to IIQI at the point Qit wouldbe in the same 
plane with and parallel to CH ; hence if these two tangeoW were to 
move aimuitaneoualy parallel to iheniaelvea, the path of their point of 
concourse Q being along QC, they would necessarily coincide with the 
perpendiculars CP, CH, when Q arrived at C: tlieae tangents, there- 
fore, form a right angle ; hence the great circles are perpendicular to each 
other, or the spherical angle at Q is a r%ht angle. 

(38.) Any one side of a spherkal tnaagle is ksi than the mm of the 
other two. 

IjetABCbeany spherical triangle, and O the 
centre of the sphere; draw the radii OA, OB, 
OC, then there will be about O three angles 
in three distinct planes respectively, measured 
by the arcs AB, EC, CA. Let AB be the 
greatest of these arcs, then it will only be 
cessaiy to show that AB < AC + CB, or that 
AOB < AOC + HOC. In the plani 
AOB draw any line A'B', and then draw OD, making an angle 'EOT) 
equal lo BOC; mike OC equal to OD, and join CB", C'A'. 

Then since by construction the two sides 'BO, OD',and the included 
angle, are respectively equal to the two aides B'O, OC', and the in- 
cluded angle, BD=:B'C'. But in the plane triangle A'B'C, A'B' < 
A'C + B'C .-. A'D < A'C'; hence the two sidea OA', OD, of the tri- 
angle A'OD, are equal to the two sides OA', OC, of the triangle A'OC, 
but the third aide A'D of the former is leas than the third side A'C of 




the latter, and, conaequently, A'OD <A'OC'; hence, f 
n made equal to B'OC, it follows that 



B'OD 



rta 



A'OD -(- B'OD = A'OB' < A'OC + B 

.-. AB <AC-|-CB. 



(39.) The sum of all the thrt 
the circumference of a gnat cir 



sides of a spherical triangle is less than 



k 
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Let ABC be anj spherical triangle; produce 
the sides AB, AC, till they meet aguiu id D, tlien 
the arcs ABD, ACD, will be semi-circumfe 
since (36,) two great circles always bisect each 
other. But in the triangle BCD we have BC < 
BD + CD, and, consequently, by adding AB + 
AC to both, we shall hare 




that is to say, the s 
ference 

B h p bis 
any ph al p ) 
grei 



AB 4- AC + BC < ABD + ACD ; 
31 of the three aides Is less than 






may show that the aura of the sides of 
is less than the elrcumferenee of » 



ph p n n ABCDE for 

ejtamp P d h d AB, DC, till 

they F th m B C < BF + CF, 

the perimeter of the pentagon will be less than 
the quadrilateral AEDF. Again, produce the 
sides DE, BA, till they meet in G; we shall 
have EA < EG + AG; hence the perimeter 
of the quadrilateral AEDF is less than that of 

the triangle DFG; which last is itself less than the circumference ofa 
great circle; the perimeter of the oris^inal polygon is, therefore, less 
still. 



(40.) If from the three 
arcs bt described, fanning a nev> triangle, then the 
triangle will be the poles of the other triangle. 

For let ABC be any spherical triangle, 
and with the pole A, and circular radius 
AG equal to a quadrant, describe the arc 
EF; in like manner with the pole B and 
same radius describe the arc I'D, meeting ^V 
the former in F; and, lastly, with the polt 
C and same radius describe the arc ED 
completing the spherical triangle DEF. 

Theu, because the arcs, whose poles are A and C, 



of' a spherical triangle, taken at poles, 




ON THE sphehe. 

points A, C, aw each 90° dialant from E ; and as Ihe arc 
Ihan 180°, E must be ihe pole of AC (36). In like n 
shown that F is the pole of AB, and D the pole of BC. 
The triangle D£F ia somelimes, fium the mode of it 
called the polar triangle, and the original one ABC tlie primitive tri' 

(41.) Any angle of the primitive triangle ia the tupplemeitt of the lide 
opposite to it of Ihe polar triangle, and any anglt of the polar triangle 
it the supplement of the side oppoiite to it in Ihe primitive triangle. 

For EH being the radius of IIL ia =■ 90°, and FG being the radius of 
GK is also = 90°, and the auin of theau radii, namely, EF + GH = 180", 
therefore, GH, which ia the measure of the angle A, ia the supplement 
of the side EF opposite to il. In like manner ia it shown that B is the 
supplement of DF, and C tlie supplement of DE. Again, BI being 
the radius of ID, and CM the tadiua of MD, the sum of these MI + 
BC = 180°; therefore, BC is the supplement of MI, which measures 
the angle D. 

On account of the property just demonstrated, the triangles A.BC, 
DBF, are frequently called sapplemenlal triangtei. 

It is proper lo remark here, as Legendre has done, that besides the 
triangle DEF three others might be formed by the intersection of the 
three area DE, EF, DF. But the proposition immediately before us 
is applicable only to the central triangle, which is distinguished from 
the others by the circimistance that the two angles 
A and D (see preceding fig.) be on the same 
side of BC, the two B and E on the same side 
of AC, and the two C and F on the same side of 
AB. 

(42.) From the foregoing proposition it follows 
that the three angles of every spherical triangle are together greater 
than tico right angles, and less than six. 

For the sides of the supplemental triangle DEF are ti^ether less than 
four right angles (39), and as these are supplements of the angles A, B, 
C, and therefore when added to them make six right angles, these last 
must together exceed two right angles. But Ihey canuol amount to six 
right angles, for in that case the sum of the sides of the supplemental 
le would be 0, which is absurd. Hence, unlike plane triangles. 
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a spherical triangle may have all its angles right angles or all obtiise 

(43.) The foregoiag geometrical pioperties comprise all that vie 
require, for the foundation of the analjucal theory of spherical Trigono- 
metry: we need not, there(bra,enumerateaDy more. We shall, however, 
hi conclusion, endeavour to establish the fact that the arc of a greet 
circle joining tieo points is l/ie skorteit line that caa be drama on lie 
sphertjrom the one to the other. 

The following pioof of this property is by Legendre. 

Let ANB be the arc of the great circle which joins the points A and 
B; and without iJiis line, if possible, let M be a point in the shortest 
path, between A and B. Through the point M 
draw MA, MB, arcs of great circles; and lake BN 
= MB. 

Then, by (38), the arc ANB is shorter than AM 
+ aiB; take BN = BM, respectively from both; 
there will remain AN < AM. 

Now, the distance of B tiom M, whether it be the 
same with the arc BM or with any other line, is equal 
to the dintaoce of B from N; for by making the 
plane of the great circle BM revolve about the B 

diameter, which passes through B, the point M may be brought mto 
the position of the point N; and the shortest line between M and B, 
whatever it may be, will then be identical with that between N and 
B; hence the two paths from A to B, one passing through M, the 
other through N, have an equal part in each, the part from M to B 
equal to the part from N to B. The first path is the shorter by hypo- 
thesis; hence the distance from A to M must be shorter than ihe 
distance from A to N ; which is absurd, the arc AM being proved 
greater than AN; hence no point of tlie shortest line from A to B can 
beout of the arc ANB; hence this arc is itself the shortest distance 
between its two extremities. 
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INVESTIGATION OF FORMULAS, AND RULES FOR THE 
SOLUTION OF SPHERICAL TRIANGLES. 

(44.) Let ABC be a triaDgle traced 
on the sur&ce.of a sphere of which the 
centre is O, and the radius equal to q, 
the linear unit. The angles of this 
triangle we shall represent by the 
letters at their vertices, A, B, C, and 
the sides opposite to them by the small 
letters a, b, c; so that having drawn the two tangents AD, A£, to 
meet the radii OB, OC, produced through the other extremities of the 
arcs A6, AC, we shall have 

AT^ * sin. c sin. 6 

AD = tan. c= , AE = tan. b = -, -s 

COS.C cos. 6 i 

OD =860.0= , OE = 8ec.6= -J 

COS. c cos. b 

Draw D£, dien in the two triangles ODE, AD£, we have (17) 

DE* = 0E« + OD* — 2 OE-OD cos. a 

DE» = AE« + AD« — 2 AEAD cos. A ; 

recollecting that (p. 68) the plane angle DAE measures the spherical 
angle A. 

Substituting in these equations the values given by (1), they become 

TM7« 91 t 9 2 cos. a 

DE* = sec.' b -f- sec.' c — 



cos. h cos. c 



_„. ^ .... • 2 sin. 4 sin. c COS. A 

DE« = tan.«4+tan.«c r 5 

COS. b COS. c 

.* . by subtraction 

2 

= 1 + 14- (sin* * sin. c cos. A — cos. a) r 

' * ^ ' COS. b cos. c 

H 
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TT ,. ... COS. 6 COS. C . 

Hence multiplying by , and transposing^ we have 

At 

COS. a = COS. h COS. c •\- sin. h sin. c cos. A ; 

which is a general expression for the cosine of any side in terms of the 
other two sides, and their included angle. If we had taken the side 6 
instead of a, the other two would have been a, c, and their included 
angle B ; and if we had taken the side c the odier two would have been 
a, b, and their included angle C; we have, therefore, the three fbllowiog 
symmetrical equations, viz. 

COS. a = cos. b cos. c -f- sin* b sin. c cos. A ^ 

cos. b = cos. a cos. c + sin. a sin. c cos. B > . . • • (A); 

cos. c = cos. a COS. b -f- sin. a sin. b cos. C ^ 

and these equations embody the whole theory of spherical tngooometry 
and are sufficient to supply rules for the solution of every .case. 

(45.) Some interesting geometrical properties flow also from these 
equations. 

1. Suppose two sides b, c, of the triangle are equal, that is, let it be 
isosceles, then it will follow from the two last of these equations that, 
like as in the isosceles plane triangle, the angles opposite the equal sides 
will be equal. For taking the difference of these two equations on the 
supposition that fe = c; we have 

= sin. a sin. b cos. B — sin. a sin. b cos. C ; 

and, consequently, B = C, 

2. If a = 6 = c, then it is in a similar manner proved that A s: B 
= C, that is, every equilateral spherical triangle is equiangular. 

3. The arc which bisects the vertical angle A of a spherical isosceles 
triangle also bisects the base a. For let p represent this bisecting arc, 
and m, m', the parts into which it (divides the base, then the two 
spherical triangles thus formed give, by the above equations, 

cos. m ^ cos. b cos. p -f- sin. b ain.p cos. ) A 
cos. 7»' = COS. a cos.p + sin. a sin. p cos. \ A ; 

therefore, since by hypothesis a ^rs b we have m = m', that is, the arc 
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bisecting the vertical angle abo bisects the base, and the student will 
find no difficulty in further showing that this same arc is also perpen- 
dicular to the base. 

4. If two sides and the included angle in one triangle are equal to 
two sides, and the included angle in another^ the third side of the one 
nmst be equal to the third side of the other. This is obvious from the 
first of (A), which shows that cos. a, and therefore a, becomes fixed 
when the other two sides b, c, and their included A, is fixed; moreover, 
the remaining angles of the one triangle are equal to the remaining 
angles of the other; for by the second and third of (A), cos. B,cos. G, 
and, therefore, B, C, become fixed when a, b, and c, are fixed. 

5. If the three sides of one triangle are severally equal to the three 
sides of another, the three angles of the one are also severally equal to 
those of the other, the equal angles being opposite to the equal sides. 
For with fixed values for a, b, c, the formulas (A) give fixed values for 
ces. A, cos. B, cos. C, and, therefore, for A, B, C. We may, in like 
maimer, infer the equality of the sides firom that of die angles, but per- 
haps the inference is a little more obvious firom the equations (B), p. 
81^ following. 

In these deductions the student vnll observe that we have abstained 
finom saying that the triangles are equal in all respects as in the analogous 
theorems of plane geometry; because two spherical triangles may exist, 
of which the several parts of the one may be equal to the several parts 
of the other, and yet not admit of coincidence, as plane triangles would 
under like conditions. Thus, if two plane triangles, of which the sides 
in the one are equal to those in the other, be joined together by a cor- 
responding side of each, and if we turn one of the triangles about this 
common side either above or below the plane on which they are situated 
till it comes to that plane again, we know that we shall thus obtain a 
perfect coincidence between the two; but if the sides of the triangles 
thus joined are the chords of two spherical triangles, these triangles will, 
as we have seen, have all their parts equal, each to each, because, the 
chords being equal, the arcs must be equal, and yet it is very plain that 
the corresponding parts of the two triangles cannot be brought into 
coincidence as in plane triangles, and only in the particular case in 
which the two triangles are isosceles can they coincide, by being laid 
the one over the other. We cannot therefore 'say, as in plane triangles. 
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that two triangles, whose corresponding parts are equal, have eqnal sur- 
faces, without distinct proof. This proof will be given in Part iv. 

We shall add here but one more inference from the fdndame&tal 
equations (A). 

6. By the first of (A) if the sides b, c, axe fixed, cos. a will necessarily 
diminish as cos. A diminishes; that is, a will increase as A increases: 
hence if two triangles have two tides in the one equal to two sides in the 
other, but the included angle in the first greater than the included angle 
in the second, then the third side of the first triangle must be greater 
than the third side of the second. 

Let us now proceed with the analytical discussion. 

The three general equations above involve all the six parts of a tri- 
angle, the sides, and the angles; and in order to solve them^ fewer than 
three of these parts will be insufficient; but, knowing any three, the 
others may be determined from them by the usual algebraical process 
of elimination; yet, as in the general formulas for the solution of plane 
triangles, so here, the results thus obtained would require considerable 
modification in certain cases to fit them for logarithmic computation, 
and on this account it is better to deduce particular formulas by a less 
direct process. Thus, in order to ascertain the relation between the 
sides ap{^ opposite angles of a spherical triangle, we proceed as follows. 

(46.) From the equation (A) 

. cos. a — cos. b cos. c 

COS. A = : — J—. .... (1) 

sm.^sm.c ^ ^ 

, . ^/-z r-r Vsin.^dsin.'c — (cos. a — cos. icos.tf)* 

.'. sm. A =: V 1 — C08.2 A. = : r-~ > 

sm. b sm. c 

or, since 

sin.* 6 sin.' c =: (1 — cos.' b) (1 — cos.' c) 

. V 1 — COS.* a — COS.* 6 — cos.'c+dcos. acos. ^cos. e 



sm 



.A V 1 — COS.' a — cosJ'b — cos.' <? + 2 cos. a cos, b cos. c 



sin. a sin. a sin. b sin. c 

Now the second side of this equation is plainly of such a form, that, 
however we interchange the quantities a, b, c, the value of the expres- 
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sion remains unaltered; so that if we had set out with cos. B, as given 

by the second of (A)^ instead of with cos. A, we should have had the 

sin. B 
very same result for — : — -; hence 

sm. b 

sin. A sin. B sin. C 

" ss " — r* ■"• ""^ — . • • • (3)} 
sm. a sin. h sm. c 

that is^ in any spherical triangle the sines of the sides are to each other 
as the sines of the opposite angles ; so that when two of the three given 
quantities are a side and its opposite angle, the unknown, which is 
opposite to the third given quantity, may be determined by a simple 
proportion, or by an easy logarithmic process. 

(47.) The equation (2) above might serve to find an angle, from 
knowing the three sides; it is, however, much less simple than the 
original expression (1), but neither of them are adapted to logarithms. 

In order to obtain one that is adapted, add 1 to each member of (1), 
and there results (form 24, p. 57), 

« . cos. a 4- sin. b sin. c — cos. b cos. c 

1 -f cos. A=s 2 C08.'4 A s= ' T—T^, * 

* ' sm. b sin. c 

cos. a — cos. (b-\-c) 
**" sin. b sin. c 

but a and 6 -|- c are respectively the difference and sum of the two arcs 

J (a -f * H- c), and J (* -f c— a) ; 

hence (form 4, p. 46), 

cos, a — cos. (6-|-c)=:2sin.J(aH-6H-c)sin.i(6H-c — c)j 

therefore, puttmg S for the sum erf the three sides, we have ' 



, . 8m.4S8m.(iS — a) ... 

cos.iA = J =—: — r-^= — . . • . (1). 

^ sm.dsin. c 

If instead of adding 1 to each side of (1) p. 76^ we subtract each side 
from Ip and proceed as above,, we shall obtain for sin. | A the value. 



sin. 6 sin. c ^ 

h2 
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and, by dividing this equation by the former, we have 



*^-*^-^ sin.iS8in.(JS-a) ^^ 

and all these expressions are adapted to logarithms. 

It is,. unnecessary to put down the corresponding expressions for th? 
other angles, as they may be obtained from these by simply changing 
the letters : thus for sin. i 6, we have, by changing A for B and b for 
a in (2), the formula 



* sin. a sm. c 



whence 



sin. i A I sin. a sin. (i S — b) 

sin. ]^B sin. & sin. (J S — a) ' 

from which it appears that if a > 6, sin. ^ A > sin. ^ B, and therefore 
A > B; also if 6 > a, sin. ^ B > sin. ^ A; and therefore B > A. 
Consequently the greater side is always, opposite to the greater angle. 
If 6 = c, the equation (2) becomes 

. sin. Ja 

sm. i A = . *, • 
sm. b 

(48.) We have thus got convenient formulas for the dletermination 
of the unknown parts, when two sides and an opposite angle are given, 
when two angles and an opposite side are given, and when all the three 
sides are given. We shall now seek the solution to the case in which 
two sides and the included angle are given, or two angles and the in- 
terjacent side; that is to say, we shall proceed to deduce an equation 
involving only the four quantities a, 6, A and C. 

For cos. c in the first of equations (A) substitute its value, as given 
by the third, and there results, after putting i — sin.*6, for its equal 
cos.^^, 

cos. a = cos. a — cos. a sin.' b -\- sin. a sin. b cos. b cos. C -}- 

sin. b sin. c cos. A ; 

or, cancelling cos. a on each side, dividing by sin,by and transposing, 
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COS. a sin. 6 = gin. a cos. b cos. C + sin. c cos. A .... (1 ). 
For sin. c in this equation substitute its value given by (3, p. 77), viz. 

sin. a sin. C 

and it becomes 

, , . I r^ sin. a sin. C cos. A 

COS. a sin. b = sm. a cos. b cos. C = : — ; 

sm.A 

that is, dividing by sin. a, 

, cot. a sin. = cos. b cos. C -f" sin* ^ cot. A ; 

which is the equation we proposed to deduce, and from which we at 
once get an expression for cot. A, when the two sides a, 6, and their 
included angle C, are given, or for cot. a when the two angles A, C, and 
interjacent side h are given. The reniaining parts of the triangle may, 
obviously, be found by the relation (p. 77) between the sides and oppo- 
site angles; but if the third side, in terms of the other two, and the in- 
cluded angle, is required in a single formula, we must then recur to the. 
fundamental equations (A), which obviously furnish that formula. 
But neither this nor tiiat which we have just deduced are calculable by 
a single logarithmic operation; by the introduction, however, of a sub- 
sidiary arc the solution may be conducted by logarithms, although two 
operations will be necessary.. But we shall explain this artifice in the • 
next chapter, which vrill contain the practical application of the formu- 
las deduced in this. 

(49.) It now only remains for us to furnish a formula for the side 
of a spherical triangle in terms of the three angles, and this we may 
easily do by help of the formulas already given for an angle in terms 
of the sides, availing ourselves of the property of the supplemental tri- 
angle, viz. that the angles and sides of this are supplements of the sides 
and angles of the former (41). For let the formulas (47) refer to the 
supplemental triangle of that in question, then, by marking the letters 
of the former with an accent for distinction sake, we' have 

A' = 180°— a, a'=: 180«> — A» *' = 180<» — B, c' = 180 — C, S' = 

540°— S; 
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[ S' being the sum of the sides of the iriangle io (47), and S the sum of 
I Ihe angles of the triangle with wliich we are now occupied. 
Consequently, 
H».iA' = coa.(90° — lo) = 9in.ia,sln.6' = 3in.(lS(P — B) = »m.B 
s[n.c'=8in.(I8ff' — C> = flin.C,8m.iS' = SLa.(a70° — JS) = 
-cos.JS 
ain.(iS' — a') = sli''[BO° — (JS — A)] = coe.(iS~A)! 
' therefore, by substituting these values the formula (2) becomes 

'"■'■'■' = ^- ^in.B.ia. -C ' 

and the other two become 



, ,.J -coB.lScoa.(iS — A) 
^■i"-^ COS. (i S - B) cofl. (i S -C)' 

As iS exceeds 90° but fella short of 270° art. (42), cos. ^S is almyf I 
negatiTe, and , therefore, the numerators, of the first and third of these 
expressions, although appearing with a negative si^, are in reality 

(50.) By means of the polar triangle it is obvious Ihat me may, ip 
all cases as well as in this, convert any formula involving, the sides and 
angles of a triangle icito another, similarly involving the angles and 
aides; the sides in the one formula being replaced by the angles oppo- 
site to them in the other, and the angles being replaced by the opposilf 
sides. To effect this change we need only write, instead of sin. and 
toi. in the original formulaj jin.and — cos. of the opposite arc, whether 
side or angle. 

Thus the fundamental equations (A) become in this manner changed 
into the (bllowicg, 
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COS. A s= COS. a sin. B sin. C — cos. B cos. C >v 

COS. B ^ cos. i sin. A sin. C — cos. A cos. C > . . . . (B). 

COS. C := COS. c sin. A sin. B — cos. A cos. B y 

which plainly show that if the three angles of one triangle are equal 
to the three angles of another, the sides of the former must also be equal 
to those of the latter; and also that if two angles B, C, and interjacent 
side, ay of one triangle are respectively equal to two angles, and the int^^ 
jacent side of another, the remaining angle A of the one must be equal 
to the remaining angle of the other; and thus all the parts of the one 
triangle are equal severally to those of the other. 

(51.) The theory now delivered is sufficient for the solution of every 
case of spherical triangles; but we shall add two more theorems ap- 
plicable to the case in which the two sides and included angle are given 
to find the other angles, and to that in which two angles and the in> 
terjacent side are given to find the other sides. These theorems have 
the advantage of being very simple, and are of a form easily retained in 
the memoiy. They were first given by Lord Napier, and are known 
by the name of Napier's Analogies, 

By the equation (1), page 77, we have 

sin. c cos. A = cos. a sin. b — sin. a cos. b cos. C. 
Similarly, 

sin. c COS. B = cos. ^ sin. a — sin. b cos. a cos. C 



.•. sin. c (cos. A -|- COS. B)^ sin. (a +6) (1 — cos. C) . . . ..(')* 
Now fix)m the equations (3), page 77, we have 

sin. A sin. c =x sin. a sin. C 

sin. B sin. c = sin. b sin. C 



.'. (sin. A ± sin. B) sin. c = (sin. a ± sin. b) sin. C . . . . (2). 
Dividing (2) by (1) there results 

sin. A ± sin. B sin. a ± sin. b sin. C 
COS. A 4- CO'*'* B sin. (a -j- 6) 1 — cos. C 
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that is^ arts. (32) and (31) taking the upper and lower signs separately, 

1 >. . . ■rtv COS. i (a — A) ^ . „ 
tan.i(A-fB)= ^) ^ cot.i^C 

COS. 5 (a "t* ^/ 

* 1 /A T>x sin. i (a— A) . ,^ > 

ten. 1 (A - B) = ^-5^^^^ cot. 1 C. 

For the supplemental triangle the corresponding formulas are 

* 1 / i IX C08.i(A — B) 

tan. i (a + A) = — -T71"n:m **"' * ^ 

cos. \ (A + Jo ) 

♦ 1/ rx 8in.i(A — B). ^ 
tan.Ka~^)=- ^^;^(^^3^ tan.^e; 

and these are the four equations which furnish the Analogies of Napier, 
viz. 

cos. i (a + fr) •• cos. 4 (a — A) : : cot. )C : tan. |(A + B) ^ 

^ > • • • • (2) 
sin.^'(a + 6) : shi. i (a — *) : : cot i C : tan. J ( A — B) > 

COS. J (A + B) : co8.}(A — B) : : tan. \ c : tan. i (a + *) ^ 
sin. 4 (A + B) : sin. i(A— B) : : tan. \ c : tan. ^ (a — 5) > 

As the arcs ^(a — b), and ^C, are always less tl)a;n 90°, the two 
means in the first of these analogies are positive, and, therefore, the two 
extremes must have the same signs, that is, they must either be both 
positive or both negative: hence f(a -|. 6), and ^ (A -j- B), must either 
be both acute or both obtuse, and consequently the arcs a -f 6, A -|- B, 
must be either both less or both greater than 180°. From this circumr 
stance we may always avoid doubtful solutions to the cases in which 
the given parts are two sides and an opposite angle, or two angles and 
an opposite side, as will be exemplified in next chapter. 



83 



CBAPTSIt ZZZ. 

SOLUTIONS OF THE DIFFERENT CASES OF SPHERICAL 

TRIANGLES. 

• 
(52.) We are now to show the application of the preceding theory to 
the actual determination of any of the six parts of a spherical triangle 
when three of them are known; and as in Plane Trigonometry, so here, 
we shall find it convenient to begin with rigkt-^mgled triangles. 

Bight-Angled Spherical Triangles. 

The formulas from which all the rules for right-angled triangles are 
derived are those marked (A), (B), and 3, (p. 77), in the preceding 
chapter, viz. 

sin. A sin. B sin. C 

sin. a sm. b sm. c 

cos. A ^ COS. a sin. B sin. C — cos. B cos. C >. 
cos. B = cos. & sin. A sin. C — cos. A cos. C> .... (2) 
cos. C = cos. c sin. A sin. B — cos. A cos. B 
cos. a = cos. h cos. c -|- sin. b sin. c cos. A 

cos. 6 =cos. (zcos. c -f-sin.asin. c cos. B ^ .... (3). 
cos. c ^ cos. a cos. 6 -|- sin. a sin. 6 cos. C 

Let ABC be a spherical triangle, right-angled 
at C ; then from the first of these formulas we 
have, since sin. C = 1, the equations 

jjin. a = sin. c sin. A, sin. b = sin. c sin. B..(4). 
Two different expressions fijr sin. a, sin. h, may also be obtained 
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from the first and second of (2). Thus C being 90^ these two equa- 
tions give 

COS. A = cos. a sin. B, cos. B = cos. b sin. A . . . . (5); 

substituting in these the values of sin. A^ sin. B, as deduced from (1) 
they become 

cos. a cos. b 

COS. A = -: — sin. A sin. 6, cos. B = -r — - sin. B sin. a 
sin. a sin. b 

.*. sin. b == tan. a cot. A, sin. a :^ tan. b cot. B. 
For the hypotenuse c we get from the third of (2) the expression 

COS. A COS. B , . , „ 

COS. c = -: — T--:^ — TT = cot. A cot. B, 
sm. A Sin. B 

and from the third of (3) the expression 

cos. e = COS. a COS. d .... (6). 

In the equations (5) substitute for sin. A, sin. B, their values in (4), 
and for cos. a, cos. b, their values in (6), and they then take the form 

COS. A = tan. 6 cot. c, cos. B ^ tan. a cot. c .... (7). 

Collecting together all these equations, we have 

sin. a = tan. b cot. B = sin. c sin. A 
sin. b = tan. a cot. A = sin. c sin. B 
cos. c = cot. A cot. B =: COS. a cos. b 
cos. A =tan. b cot. c = cos. a sin. B 
cos. B ^ tan. a cot. c = cos. b sin. A; 

and these furnish solutions to every possible case of right-«mgled tri- 
angles; for it is plain that whichever two of the^ve quantities a, 6, c, 
A, B, are given, any one of the others may be. immediately found by 
one or other of these equations. Instead, however, of deducing from 
these five equations so many distinct rules for the solution of the 
various cases, the whole, by help of an ingenious contrivance, may be 
comprehended in two rules of very remarkable simplicity. 
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Before announcing these rules we shall, however, just stop to mention 
an inference from the first of this group of equations which will be use- 
ful hereafter, viz. that^077» any point on a sphere to a given great circle 
the shortest great circle arc that can he drawn is the perpendicular; 
for by the equation referred to sin. a exceeds sin. r, since sin. A is less 
than 1. If the point is the pole of the proposed great circle, then, in- 
deed, (p. 67) sin. asssin. c, and sin. A := 1, all great circle arcs from 
the point to the circle being perpendicular. 

From the last of the preceding equations we infer that cos. B, cos. 6, 
always have the same sign, that is, either side is of the same affection 
as its opposite angle. From the middle equation we see that the hy- 
potenuse is acute if the sides are of the same affection, or if the angles 
opposite to them are of the same affection, but otherwise the hypotenuse 
is obtuse. 

The rules to which we have adverted above were invented by Baron 
Napier, the celebrated inventor of logarithms, and are called Napier^s 
Rules for the Circular Parts. We shall now explain them. 

In a right-angled triangle we are to recognize but five parts, viz. the 
three sides and the two angles A and B. If we take any one of these as a 
middle part the two which lie next to it, one on each side, will be adja- 
cent parts : thus taking A for a middle part (last fig.), b and c will be the 
adjacent parts; if we take c for the middle part, A and B will be the adja- 
cent parts; if we take B for the middle part c and a will be the adjacent 
parts; but if we take a for the middle part, then, as the part C is not 
recognized we do not consider it as intervening between a and 6, and, 
therefore, we call in this case B and b, the adjacent parts; and, lastly, if 
6 is the middle part then the adjacent parts are A and a. The two parts 
immediately beyond the adjacent parts, one on each side, still disregard- 
ing the right-angle, are called the opposite parts; thus if A is tiie mid- 
dle part the opposite parts axe a, next to the adjacent part b, and B 
next to the adjacent part c. This being understood, Napier*s two rules 
may be expressed as follows, carefully observing to use the complements of 
the two angles and of the intervening hypotenuse instead of these parts 
themselves, 

I. 

Had. X sin. middle part = product of tan. adjacent parts. 

I 
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II. 



i; 



Rad. X sin. middle part = prodact of cos. opposite parts. 

Both these rules may be comprehended in a single expression^ thus 

rad. sin. mid. =r prod. tan. adja. := prod. cos. opp. ; 

and to retain this in the memory we have only to remember that the 
vowels in the contractions mid., adja., opp., are the same as those in 
the contractions sin., tan., cos., to which they are joined. 

That these rules comprehend all the equations given above will be 
seen by taking a, 6, c, &c. in succession for the middle part, as in the 
subjoined table, keeping in mind the condition just stated, that instead 
of A, B, and c, we are to use their complements. 



i Middle iNirt. 

1 


Adjacent parts. 


Opposite parts. 


1 (sin.) 


(tan.) 


(cos.) 


a 


by comp. B 


comp. c, comp. A 


h. 


a, comp. A 


comp. c, comp. B 


comp. c 


comp. A, comp. B 


a, b 


comp. A 


6, comp. c 


a, comp. B 


comp. B 


a, comp. c 


b, comp. A 



As in the solution of right-angled triangles two parts are given to 
find a third, we must in the application of Napier*s rule choose for the 
middle of these three parts that which causes the other two to become 
either adjacent parts or opposite parts. 



EXAMPLES. 



(53.) 1. In the right-angled triangle ABC are given the two per- 
pendicular sides, viz. fl= 48** 24' 16', 6 = 59** 38' 2r, to find the 
hypotenuse c. 



RIOHT-AKGLED TRIANGLES. 87 

Here the hypotenuse being made the middle part the other two will, 
obviously, be the opposite parts, being separated from the hypotenuse 
by the intervening angles A, C. Hence by the rule 

rad. X sin. comp. c = cos. a x cos. b ; 
that is, 

COS. a COS. b 



rad. COS. c = cos. a cos. b .*. cos. c = 



rad. 



and as cos. a, cos. b, are both positive, cos. c is positive, and, tlierefore, 
c is acute. 

rad. . . . . • 10*0000000 

cos. a 48«»24'16" . -9-8220819 

cos. 6 59 38 27 . . . 9-7036515 



COS. c 70 23 42 . . 9*5257334. 



2. In the spherical triangle ABC, right-angled at C, are given 
* = 46*» 18' 23% A = 34° 27' 39", to find the other obUque angle B. 

Making B the middle part, the other two will be the opposite parts. 
Consequently, by the rule, 

rad. X sin. comp. B ^ cos. b x cos. comp. A ; 
that is, 

« . . » « COS. b sin. A 

rad. COS. B = cos. b sm. A .-. cos. B = : 

rad. 

and as cos. 6, sin. A, are both positive, B is acute, 

rad. ..... 10-0000000 

coa.b 46° 18' 23" . 9-8393535 

sin. A 34 27 3.9 . . . 9*7526957 



cos.B 66 59 25 . 6-5920492.* 



3. In the spherical triangle, right-angled at C, are given the two per- 
pendicular sides, viz. a = 116° 30' 43*, A = 29° 41' 32", to find the 
angle A. 
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Making b the middle part, the others will be the adjacent parts^ mdy 
therefore, by the rule 

rad. X sin. b := tan. a X tan. comp. A, 
thatiSy 

rad. sin. b 



rad. sin. b = tan. a cot. A .*. cot. A = 



tan. a ' 



and as sin. b is positiye, and tan. a negative, cot. A will be negatife, 
and, therefore, A will be obtuse, or the supplement of the angle giren 
by the tables, 

rad. ..... 10*0000000 

tan. a 11 6° 30' 43" . . 10*3020!371 

sin. b 29 41 32 . . . 9*6049041 



cot. A 103 52 48 . . 9-3928670. 



4. In a spherical triangle, right-angled at C, are given 6=29° \7f 
5(r, and B = 37** 26' 21", to find the side a. 

Taking a for the middle part, the other two will be adjacent parts; 
hence, by the rule, 

rad. X sin. a = tan. b X tan. comp. B 
that is, 

tan. b cot. B 



rad. sin. a s=s tan. b cot. B . *. sin. a = 



rad. 



In this case there are two solutions, viz. a and the supplement of a^ 
both of which have the same sine. As sin. a is necessarily positive, 
b and 6 must necetearily be always of the same species, that is, eitiier 
both acute or both obtuse, so that, as observed at p. 85, the sides in- 
cluding the right-angle are always of the same species as the opp. angles, 
a circumstance which must be attended to in framing examples, 

100000000 

9*7475666 

. 10*1159745 



rad. 


• • 


tao. b 


29° 12' 50" 


cot.B 


37 26 21 



sin. a 46° 56* 2% or 133° 4' 58* . . 9*863541 1 . 
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It appears^ therefore^ that there exists two right- 
angled triangles, having an oblique angle, and the 
opposite side in one equal to an oblique angle and 
the opposite side in the other, but the remaining ob- 
lique angle in the one the supplement of the remain- 
ing oblique angle in the other. These triangles are 
situated, with respect to d&ch other, on the sphere, as the triangles 
ABC, AB'C, in the annexed diagram, in which, with the exception df 
tlie common side AC, and the equal angles 6, B', the parts of the one 
tliangle are supplements of the corresponding parts of the other. 

5. Given the angle A3=23° 28', the side 6 = 49® 17', to find the 
hypotenuse c. 

c = 51«'42'37^ 

6. Given the hypotenuse c = 6&^ 32', the side a = 37** 48', to find 
the angle B. 

B = 70® 19' 18". 

7. Given the perpendicular sides a = 59° 38' 27", 6=48® 24' 16", 
to find all the other parts. 

c = 70® 23^ 42", A = 66® 20* 40", B = 52® 32' 56". 

8. Given 6 = 121® 26' 25", and the opposite angle B = 1 1 1® 14' 37", 
to find all the other parts. 

Solvtion of Quadrantal Triangles. 

(54.) The rules for right-angled triangles will serve also for the solu- 
tion of quadrantal triangles, or those in which one side is a quadrant. 
For by changing such a triangle for its supplemental triangle we shall 
dien have to consider a right-angled triangle, of which the h3rpotenuse 
will be the supplement of the angle opposite th^ quadrantal side, the 
two perpendicular sides supplements of the other two angles of the pro- 
posed triangle, and the two oblique angles of the new triangle supple- 
ments of the oblique sides of the primitive triangle. That is, the sides 
of the primitive or quadrantal triangle being a, 6, and c = 90°, and itn 
angles A, B, C, the sides of the supplemental triangle will be 180° — A, 
180® — B, and 180° — C, this latter being the hypotenuse; and the 
opposite angles will be 180® — a, 180® — 6, and 90®. But the parts 
of a quadrantal triangle may be determined without the aid of the sup- 

i2 
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plemental triangle. Thus let A D be the quad- 

rantal side in the triangle ABD. Produce 

DBy if necessary, till DC becomes a quadrant, 

and draw the arc AC, which will, obviously, 

measure the angle D, since D will be the pole 

of the arc AC, and C will be a right-angle : also 

the angle CAB will be the complement of ihe 

angle BAD in the proposed triangle, and the 

angle ABC will either be identical with ABD in the proposed, or sup* 

plemental to it, accordingly as DC exceeds, or &lls short of, a quadrant; 

henoe all the parts of the proposed triangle are easily determined from 

those of the right-angled triangle ABC. 

If the angle DAB is less than 90'', or than the angle D AC, the side 
DB must, obviously, be acute; but if DAB is greater than 90°, DB 
will be obtuse, and conversely. Hence the angles adjacent to the 
quadrantal side are of the same species as the sides opposite to them. 
The same may be inferred from the polar triangle. 

It must be remarked that the solution vnll be ambiguous whenever 
the determination of the right-angled triangle becomes ambiguous, whe- 
ther we employ the polar triangle or the triangle ABC in the above 
diagram. This ambiguity occurs only when the given parts in the 
right-angled triangle are one of the perpendicular sides and the angle 
opposite to it. (See ex. 4, p. 88.) * 

EXAMPLES. y 

In the triangle DAB, DA = 90°, A = 54** 43', and D s 42«» 12', 
required the other parts. 

As the angle DAB is less than 90°, that is, less 
than the angle DAC, DB is less than a quad- 
rant, and, therefore, the right-angled triangle 
ABC is situated as in the figure, BC being 
the prolongation of DB. Of the parts of this 
right-angled triangle we have given A = 90° 
— 54° 43'= 35° 17', and 6 = 42° 12', to find 
the other parts. 

Let A be the middle part, then b and c will be adjacent parts. 
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therefore, 

md. X sin. comp. A =taii. b x tan. comp. <*, 
thatiSy 

. , . . rad.co8.A 

rad. COS. A == tan. b cot. c .*. cot. c r=s — ;— 

tan. b 

Tad. .... . 10*0000000 

cot. A 35° 17' • . . 9-9118528 

tan. 6 42 12 . . . 9-9574850 



cot.c 48° 0' 9' . . 9-9543678. 



Let B be the middle part, then A, b, will be opposite parts, andy 
consequently, 

rad. X sin. comp. B = cos. b x cos. comp. A ; 

that is, 

. _ , , * T. COS. b sin. A 

rad* cos. B r= cos. b sin. A .*. <A)s. B = r 

rad. 

rad. ..... 10-0000000 

cos. 6 42° 12' . . . 9-8697037 

sin. A 35 17 . . 9-7610424 



C08.B 64°39' 55' . 9-6313461; 



hence the angle ABD is 115° 20' 5^ 

It remains now to find a; let, therefore, B be the middle part, then a 
and c will be the adjacent parts; hence 

rad. X sin. comp. B = tan. a X tan. comp. e ; 

that is, 

J r» * * * rad. COS. B 

rad. COS. B := tan. a cot. c .*. tan. a = : 

cot. c 

rad. ..... 10-0000000 

COS.B . . . . 9-6313461 

cot.c . . . . . 9-9543678 



tan. a 25° 25' 20' . 9*6769783 j 
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therefore, the side DB, which is the complement of this, is ( 
34' 40". 

2. In the triangle DAB, DA =90°, A =11 2° 2' 9'', and AB 
67° 3' 14", to find the other parts. 

Since in this example A is obtuse, DB is obtuse. 

In the right-angled triangle ABC we have A := 
22° 2' 9" and AB = 67° 3' 14"; let A be the 
middle part, then AB, AC, will be adjacent parts, 
and we shall have 

rad. X sin. comp. A = tan. b x tan. comp. c; ^j 

that is, 

. . - , . . . rad. cog. A 
rad. 008. A ^ tan. b cot. c •*. tan. b s= 

cote 
rad. ..... 10*0000000 

COS. A 22° 2' 9' . . 9-9670560 

cot.c 67 3 14 . . . 0*6267152 




tan. 6 65 27 9 . 10-.3403408; 

therefore, the angle D = 65° 27' 9". 

Take now a for the middle part, then A and c will be opposite pai 

hence 

rad. X sin. a = cos. comp. A x cos. comp. e, 

that is, 

, . . 4 . ^ . sin. A sin. c 

rad. sm. a = sin. A sm. e .*. sm. a =: ; 

. rad. 

and a will be acute, because the opposite angle is acute 

rad. ..... ] 0-0000000 

sin. A 22° 2' 9" . 9*5742471 

8in.<r 07 3 14 . 0*9641992 



sin. A 22 12 44 9*5384463*, 

therefore BD = 110° 12' 44". 
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As we have now to find B^ take a for the middle part, then h and B 
will be adjacent parts, therefore 

rad. X Bin. a =: tan. h tan. comp. B ; 
that isy 

rad. sin. a, 

rad. sin. a =s tan. h cot. B .•. cot. B = — ; — 

tan. 6 

rad. .... . 10*0000000 

sin. a . . . . 9*5384463 

tan.6 . . . . . 10*3403408 



cotB 81«J'58" . 91981056 



3. Given the quadrantal side and the other two sides equal to 22° 
53^ 30", and 51° 4' 35'', to find the angle opposite to the quadrantal 
side. 

B=:70°3'44". 

4. In the quadrantal triangle ADB are given D =:69^ 13' 46", and 
A == 72° 12' 4", to determine the other parts. 

AB = 70*> 8' 39", BD = 73° 17' 29", B = 96° 13' 23". 

These examples will suffice, for the present, to show the application 
of Napier's rules to the solution of right-angled and quadrantal triangles. 
We shall, therefore, now give examples of the solution of the various 
cases of oblique angled triangles in general. 



Solution of Oblique Angled Spherical Triangles. 

(55.) The fundamental equations (A) show that in order to deter- 
mine the several parts of a spherical triangle, three of those parts must 
be previously given. Now, three parts out of the six can be combined 
only in these different ways, viz. 
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1. The throe sides. 

2. The three angles. 

3. Two sides and the included angle. 

4. Two angles and the interjacent side. 

5. Two sides and an opposite angle. 

6. Two angles and an opposite side. 

So that the complete solution of an oblique angled spherical triangle 
presents six cases. These we shall solve in the order in which they are 
here enumerated. 

CASE I. 

(56.) Given the three sides to find the angles. 
For the determination of any angle A we have by (47) the three fol- 
lowing different expressions, viz. 



' sin. b sm. c 



. . I sin. i S 8in.(i S — a) 

cos.tA=N ^ . , - 

sm. sin. c 



, , , j sin.(iS-^)sin.(iS-c) 
tan.iA_N ■ 8in.iS8in.(iS-«) * 

We may apply to these formulas the remarks made at (21) in the 
Plane Trigonometry. It will be sufficient to observe here that the first 
formula is generally the most suitable, because the angle A is rarely so 
large as to-^e very near 180°. 



EXAMPLES. 

1 . In an oblique spherical triangle the three sides are 
a = 68° 46' 2", * = 43° 37' 38', c=37°10'; 
required the angle A. 



\ 
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a 68® 46' 2' 
sin. 6 43 37 38 arith. comp. 0*1611739 
sin. c 37 10 aritb. comp. 0*2188656 



2)149 33 40 



74 46 50 
sin. (iS — 6) 31 9 12 . . 9-7137678 
sin. (JS — c) 37 36 50 . . 9-7855698 



2)19-8793771 



sin.^A 60 29 53 . . 9-9396885 

.-. A = 120® 59' 46". 

2. Given a = 108°, h = 52® 12', and c = 74® 30', to find A. 

a 108® 0* 
sin. h 37 48 aritb. comp. 0-2126054 
sin. c 74 30 aritb. comp. 0-0160895 

2)220 18 



110 9 
sin. (J S — A) 72 21 . . 9-9790594 
sin.(iS — c) 35 39 . . 9-7655436 

2)19-9732979 

sin. ^A 75 51 56 . . 9-9866489 



.-. sin. A = 151® 43' 52'. 

3. Given a = 70® 4' 18% 6 = 63** 21' 27', and c = 59® 16' 23', to 
find the angles A and B. 

A = 81® 38' 20", B = 70® 9' 38". 
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4. Given a = 67o 25' 2", 6 = SO® 2' 25", c = 23** 27' 46', to find the 
angle A. 

A = 54® 55' 19". 

5. Given a = 61** 32' 12% 6 = 83® 19' 42', c = 23« 27' 46", to find A. 

A = 20° 39' 48". 



CASE II. 



(57.) Given the three angles to find the sides. 
By (49) we have the" following fonnulas for any side a in terras of 
the three angles, viz. 



. , — cos. i S cos. (AS — A) 

^ sin. B sin. C 

^|cos.(iS -B)cos.(iS — C) 

COS. t a = N — : — „ , )* ^ 

sm. B sin.C 

tan 1 „ — J — ^^^' a 8 00 7(1 S — A) 
lan. i a — 'N ^^^ (j S — B)cos. (^ S — C)' 

It maybe remarked here that the first two only of the expressions in 
this and in the former case need be borne in the memory, as the third is 
an immediate consequence of them. If the expressions in the former 
case be recollected, these can scarcely fail to be recalled at the same 
time, as they differ from them only in this, viz. that the sides are replaced 
by their opposite angles, and, except in the denominators, cosines are 
written for sines, and sines for cosines. 



EXAMPLES. 

1 . The three angles of a spherical triangle are, 

A=130®3'ir, B=s31°34'26', C=30^28'12", 
required the side a. 
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A 130« 3* 11" 
8in. B 31 34 2« aritfa. comp. 0-2810023 
siiuC 30 28 12 arith. cooop. 0*2949174 



/ 



2)192 5 49 



co8.tS 96 2 M^ . . 90227162 
C08.(iS — A) 34 16i . . 9-9185576 

2)19-517J929 



sin. ^a 35 1 1^ . . 9*7585964 

.-. a = 70® 2' 3". 

2. The three angles of a spherical triangle are, 

A = 103° 59' 57", B = 46°18'7", C = 36®7'52"j 

required the side a. 

a = 42° 8' 48"'. 

3. The three angles of a spherical triangle are 120° 43' 37", 109° 55' 
42", and 116® 38' 33"; required the three sides. 

115° 13' 26", 98° 21' 40", and 109° 50' 22". 

CASE III. 

(58.) Given two sides a, 6, and the included angle C, to find the other 
parts. 
By Napier's analogies, 

cos. i (a + 6) • COS. i (a «- 6) : : cot. i C : tan. |( A -f B) 
8ln. i (a + 6) : sin. j^ (a^^b) :: cot. | C : tan. J (A /^ B). 

These serve to determine the angles A, B, opposite to the given sides; 
after which the third side c may be determined by either of the re- 
maining two analogies of Napier, viz. 

cos. J (A -|- B) : cos. i (A '^ B) : : tan. ^ c : tan. i (a :4- *) 
sin. i (A 4- B) : sin. J (A /^ B) : : tan. i c : tan. i (n ~ b). 
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EXAMPLES. 

1. In a spherical triangle are given a = 38° 30% h s=: 70°, and C = 
31° 34' 26', to find the other parts. 

I. To find A and 6. 

COS. \{a'\-b) 54° 15' ar. comp. 0*2334015 ar. comp. sin. 0*0906719 

cos.^(a^6)li5 45 . . 9*9833805 sin. . . 9*4336746 

cot.|C 15 47 13 . 10*5486352 . . 10*5486352 

tan.4(A+B)80 15 41 . 10*7654172,tan.i(A.^B)49°47'30'10*07298n 

^ (A 4- B) must be acute, because i (a + 6) if acute. 

By taking the sum and difference of these results we have, B = 130* 
3' 11', and A = 30° 28' 11'. 

ir. To find c. 
cos. J (A ~ B) 49° 47' 30" arith. comp. 0*1000575 
cos.)(A + B) 80 15 41 . . 9*2282812 

tan. !(« + *) 54 15 0» . . 10*1427206 

tan.|c 20 . . 9*5610683 

.*. c = 49°0'0". 

* There will be no necessity to refer to the tables for the tangent of 
this arc, we shall obtain ft by subtracting the right-hand arithmetical 
complement in the preceding logarithmic process from that on the left, 
adding 10 to the index. For calling the right-hand complement p, tsi 
the left qi and recollecting that 

log. tan. = 10 + log. sin. — log. cos. = 10 -f (10 — p) — (10 — f ), 

we have 

log. tan. ^ 10 4- ^ — ' P* 
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When, in the- case we are considering, the only part required happens 
to he the side opposite the given angle, the finding of the other two 
angles then hecomies merely a subsidiary operation, and the determina- 
tion of the required side, by Napier's analogies, seems somewhat lengthy. 
But a shorter method of solution is deducible firom the fimdamentaU 
formula, 

COS. c ^ cos. a cos. b -|- sin. a sin. b cos. C . . . . (1). 

For substituting cos. a tan. a for its equal sin. a it becomes 

COS. e s= cos. a (cos. b -|- tan. a sin. b cos. C). 
Assume 

. _ ^ COS. w 

tan. a cos. C ^ cot. u = -: ; 

sm. <tf 

then 

sin. 0) cos. b + sin. 6 cos. w 

COS. c^ cos. a : 

sm. Of 

COS. asin. (cD + ^) 
sin. <i» 

Hence, to find the side c, we must first determine a subsidiary 
angle « fiK>m the equation 

cot. «tf r= tan. a cos. C . • . . (2) ; 

after which c is found by the equation 

' cos. a sin. (to + 6) .„. 

COS. e = r—^ — .... (3). 

sin. 0) 

2. The same parts being, given as in the last example, to determine 
c by these finmulas, 

tan.a38'»30' (T . . 0-0006052, cos. a . . 0*8035444 
008. C 31 34 26 . 0-0304221, sin. ia, ar. comp. 0-0820652 



cot. w 55 52 30| . . 0-8310273, sin. (oi + b) 0-0086437 

cos. c 40° . 0-8842533. 
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I 



Other fonnulas for the determinatioa of c miglit be easily deduced 
from Ihe same equalion (I), but tbis is a« short and as coDvenicnt at 
any. We miglit also introduce bere adistinct tbrmula fx the detenni- 
iiation of one of the angles A, by help of a subsidjary aic ■; but a? 
Ullle or nothing mould be gained, in point of brevity, over the process 
by Napier's analogies, we shall not stop to investigate it. 
i. In a spherical triangle are given 



= 43°3J'38", 4 = 37=10', C = 120" SB' 46", 
Bad the side c 



t''4e'2''. 



4. In a spherical triangle are given the two sides, equal to 37^ ID 
and 6B° 46' 2", and the included angle equal to 39° S3'; inquired (be 
other two angles. 

33° 46' 3" and 120° 59' ■lO", 

5. Giventhetwosidesequal to44''13' 45" and 84° 14' 29', and the 
included angle equal to 36" 45' 28'; to find the other parls. 

The angles are 32° £6' S", and 130° 5' 32", and the side 31° 6' Ij". 



(59.) Given (wo angles A, B, and the inteijaeent side c, to find ihi 
other parts. 

The solution of t)iis cose, as well as the former, is comprehended ir 
Napier's analogies ; the one pair, viz. 

I cos, i (A + B) : COS, i (A ~ B) : : tan. i c : tan. i(a. + b) 

Bln,J(A + B>:aln.KA~B)::lHn.le:lon.K«-i). 
detenaining the unknown sides □, b, and either of the other pair,rii. 
COS. J (n + *) = ""■ K" ~ *) " cot- 1 C : t»n. J (A + B) 
.In. i(<. + ft) :-in. 1 («-*> :: col. 1 C : l«n. i (A-B); 
enabling us to And the unknown angle C. 
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EXAMPLES. 

1. In a spherical triangle are given two angles equal to 39® 23', and 
33® 45' 3*, and the interjacent side equal to 68° 46' 2'; to find the 
remaining parts. 

I. Tojind the Sides, 

co«.|(A+B)36®34'lj^''fir.comp. 0*0951980 ar. comp. sin. . 0-2249260 
C08.|(A— B) 2 48 58^ . 9*9994752 sin. . . 8*6913737 

tan. I c 34 23 1 . . 9*8352429 • . . 9*8352429 



tan. i(a+6)40 23 49 . 9*9299161,tan.^(a— ^) 3° 13'48"8*7515426 



.•. a = 43® 37' 37', b = 37® 10' 1". 

« 

II. Tojind the Angle,. 

sin. |(a — 6) 3® 13' 48" arith. comp. 1*2491502: 
tin. |(a + 6) 40 23 49 . . 9*8116281 

tan.|(A — B) 2 48 58^* 8*6018985 

cot.|C 60 29 53 . . 9*7526768 

.*. C = 120® 59' 46". 

If the angle opposite to the given side be the only part required, a 
more compendious method of solution may be obtained by introducing 
a subsidiaiy arc, as in last case. Thus the formula (B) art. (50) be- 
comes when COS. A tan. A is substituted for sin. A,. 

008. C := cos. A (tan. A sin. B cos. c — cos. B) ^ 

* The log. tangent of this arc will be equal to log. sin. — log. cos., 
before given, increased by 10. 

k2 
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or assuming 

COSi 0) 

tan. A COS. c = cot. w = -r 



COS. C = COS. A 



sin. 0) 

sin. B COS. «» — sin. w cos. B 
sin. ia 



COS. A sin. (B — a») 
sin. a> 

Hence, having found a subsidiary angle a>, by the equation 

cot. ia = tan. A cos. c . . . . (1 ) ; 

the sought angle is determined by the equation 

_, cos. A sin. (B — ia) 

COS. C =s — ^^ ^ . 

sin. a> 

2. The given quantities being tlie same as in last example, to deter- 
mine the angle C. 

tan.A39°23' 0" 9-9143020 cos. A . . . 98881335 

COS. c 68 46 2 9*5588979 sin. ia, ar. comp. . 0*0183921 



cot. ia 73 26 33^ 9*4731999 sin. (B — ia) 39® 41' SOf 9*8052682 



COS-SO"" 0'13" 97117938. 



As (B — w) is negative, cos. C must be negative; hence C is the 
supplement ofthis, viz. 120° 59' 47". 

3. Given A = 30° 28' 11", B = 130° 3' 11", and = 40°; to de- 
termine the other parts. 

a = 38° 30', 6±s70°, and C = 31° 34' 26". 

4. Given A=31°34'26", B = 30° 28' 12", and C = 70° 2' 3'; 
to find the angle C. 

C = 130° 3' 11". 

5. Given A =34° 15' 3% B = 42° 15' 13", andC = 76*? 35' 36": 
to find a and h. 

a = 40° 0' 10", 4 = 50° 10' 30". 
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6. Given A s 51® Si/, B = 131° 30', and c = 80° 19' 12"; to 
find C. 

C = 59° 15' 59". 



CASE V. 

(60.) Giyen two sides a, b, and the angle A opposite to a; to find 
the other parts B, C, c. 

1 . To find the angle B we have, by (46) the proportion, 

sin. a : sin. b : : sin. A : sin. B . . . . (1). 

2. To find C and c, we have, by Napier's analogies, 

cos. i (a /^ A) : cos. i (a 4- *) : : tan. ^ (A -|- B) : cot. * C > 

> . . . (2). 
cos. i (A /^ B) : cos. i (A 4- B) : : tan. i (« + ^) • tan. i c ' 

Or after either C or c is found by one of these analogies the other part 
may be found by the proportion 

sin. A : sin. C : : sin. a : sin. c . . . . (3) ; 

although we shall prefer Napier's analogy to this in order that all ambi- 
guity may be avoided. 

If only one of the parts C, c, be required, then it will be best to find 
first the angle B, by the proportion (1), which operation must be re- 
garded entirely as subsidiary to the determination of the required part, 
by one of the analogies (2). The part determined by the proportion 
(1) admits of a double value, since two arcs answer to the same sine, 
it becomes necessary, therefore, for us to inquire under what circum- 
stances both these values are admissible, and how we may know 
which to choose when but one solution exists. 

Referring to the fundamental formula (A), we have 

_ cos. b — cos. a cos. c 
cos. B = — 



sin. a sin. c 

in which expression we may remark that if cos. b is numerically greater 
than either cos. a or cos. c, the second member must take the sign of 
cos. 6, consequently, Band b must be of the same species if sin. 6 < sin. 
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a, or sin. b < sin. c, that is, an angle must be of the same species as Us 
opposite side, if the sine of this side is less than the sine of either of the 
otfier sides. 

But if COS. b is numerically less than cos. a, then whether the right- 
hand member be 4- or — will depend upon the magnitude of cos. c, or 
cos. c will have two values corresponding to 4- cos. B, and — cos. B; 
hence an angle has two valueSy when the sine of its opposite side is 
greater than the sine of the other given side. 



EXAMPLES. 

1. Given the side a = 63° $(/, the side 6 = 80° 19', and the angle 
A = 51° 30'; to determine the other parts. 

I. To find the Angle B. 

sin. a 63° dO' arith. comp. 0*0469582 

:sin.6 80 19 . . 9*9937679 

: : sin. A 51 30 . . 9*8935444 



:sin. B 59° 15' 47" . . 9*9342705. 



The angle B admits of two values, biecause sin. 6 > sin. a, so that 
there exist two triangles, having the data proposed. 
We shall, however, take the acute value of B. 



II. To find the Angle C. 

008. i (a «^ 6) 8° 14' 30'' arith. comp. 0*0045086 
: cos. i (a + 6) 72 4 30 . • 9*4882288 
: tan. i (A + B) 56 22 53 . . 10*1609412 

: cot. i C 65 44 53 . . 0*6536786 

.*. C = 131° 29' 46". 
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III. To find the Side c, 

COS. i (A *^ B) 3® 52' 53" arith. comp. 0-0009973 

: COS. i ( A + B) 65 22 53 . . 9*7544333 

: : tan. ]^ (a + 6) 72 4 30 . . 10*4901618 

: tan. |c 



60 24 


. 10-2455924 


2 




= 120 48 0. 





2. Given a = 40<» 36' 37', b as 91® 3' 25", and A = 35« 57' 15"; to 
determine C. 

I. To find the tubtidiari/ Angle B, 

sin. a 40^36' 37" aritb. comp. 0*1864788 

.' sin. 6 91 3 25 . 9-099^61 

: : sin. A 35 57 15 . . 9-7687401 



: sin.B 64 24 19 . 9*9551450 

or 115 35 41 

The angle B admits of two Falaesy because sin. b > sin. a. We shall 
suppose the particular triangle under consideration to hare B obtuse. 

II. To find C. 

eoB.i(a^b) 25*^13' 24" aritb. comp. 0*0435177 

: cos. i (a + 65 50 1 . 9'6121350 

: :taD.|(A + B) 75 46 28 . 10*5959988 

: cot.iC 29 15 28 . 10*2516515 

2 
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3. Givenn = 40° 18' 29", i = 67'' 14'2B", and A = 34'' 22' 17"; 
to determine the other parts nhen B ia acute. 

8=^53° 35' IS", C = llfl°13'31", oi=8e°4T' 0". 

4. Given u = 84'' 14' a9',4=44'' 13'45", and AslSO* 5' 22"; 
I to determine the other parts. 

B=33°ga'6j", c=aa"45'a8", c=fii"6'ia". 

5. Given a = 97° 18' 39", b =86" 53' 46", and A = 97° 21' 26"; 
■<M detenaine c. 

c = 8B=ai'3i". 



(61.) Given two angles A, B, and the sides opposite to one of them, 
to find the other parts. 
. . To find b we have 

Bin. A : ain. B : : sin. a : aln. 6. 

2. And to find C and e we may employ Napier's analogies, which 
I Meed not be here repeated. 

B nature of the arc h may be discussed, as in tlie preceding caie. 
I Thus the formula (B), art. (50), gives 



sin. Aeiu. C ' 

n which it follows, as in the foregoing case, lliat if cos. B is nume- 
rically greater than cos. A, B and b will be of the same species. If 
COS. B is numerically less than cos. A, tliea both the values of 6, given by 
the above proportion, will be admissible, for C niay be detennined so 
as to render cos. b positive or negative. Hence any tide Kill be of llit 
tame apecie* a> iti oppotite angle, if l/ie sine of this angU be lels than 
the line of either of the other angtet ; and the species of the tide b irUl 
he indetermiaate if the tine of its opposite angle B begreater than Iht 

le of the other given angle A. There cannot, therefore, be two solu- 

IDS unless a and A are of the same species, 
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EXAMPLES. 

1 . In an oblique-angled spherical triangle ABC are given, A ^ 32® 
26' er, B = 1 30° 5' 22", and the side a = 44° 1 3' 42" ; to determine 
the other parts. 

I. To find the Side b. 

As sin. A 32°26' 6}" arith. comp. 9-8836842 

: sin. B 130 5 22 . . 0*2705556 

: : sin. a 44 13 45 . 9-8435629 



: t\n,b 84 14 29 9*99T802T 



6 has two values, because the- sine of B is greater than that of A. We 
shall take the acute value. 



II. To find the Side c. 

As cos. i (A '^ B) 48° 49' 3T}" aritb. comp. 0-181554S 

: co8.i(A + B} 81 15 44} 91815890 

: : tan. i (a + ^) ^ H 7 . 10*3163591 

: tan. i c 25 33 6 . 9*6795024 





25 33 


6 
8 


• 
* . 


c = 5l 6 


12. 
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III. To find the Angle C. 

Asco8.i(a~&) 20"" 0'22" arith. comp. 0-02703] 

: COS. i (a + 6) 64 14 7 . . 0-6381663 

: : tan. i (A + B) 81 15 44J . 10-8133435 

: cot. ^ C 18 22 44 . . 10*4785408 

2 



.-. C = 36 45 28. 



2. Given A= 103° 59' 57i", B =46"* 18' 7^", and a = 42° 8' 48"; 
to find the angle C. 

C s= 36° 7' 52i". 

3. Given A = 17° 46' 16^", B = 151° 43' 52", and a =37° 48'; to 
find the remaining sides, h being obtuse, 

A = 108°, c = 74°.30'. 



SCHOLIUM. 

Previously to closing this second part it may be worth while to re- 
mark, that if, in the foregoing investigations, we consider the radius of 
the sphere, upon which the triangles concerned are described, to be 
infinite, then, as any finite portion of the spheric sur&ce may be con- 
sidered as a plane, the spherical triangles will become plane triangles, 
and the sines and tangents of their sides will become identical with the 
sides themselves; so that all the foregoing rules and formulas, into 
which cosines, cotangents, secants, or cosecants, of the sides do not enter, 
are applicable as well to plane as to spherical triangles. 

*#* Before proceeding to the following part, the student may consult 
note (B), at the end, wherein is examined the unsound doctrine laid 
down by Professor Vince, at page 43 of his Trigonometry, (third edition,) 
respecting the tangent and secant of an arc of 90°. 



PART III. 



APPLICATION OF PLANE AND SPHERICAL TRIGONO- 
METRY TO THE PRINCIPLES OF NAVIGATION 
AND NAUTICAL ASTRONOMY. 

(62.) Having in the two preceding parts of the present treatise pretty 
fully explained and illustrated the principles of plane and spherical 
trigonometry, we shall now, for the purpose of showing the practical 
utility of these principles, apply them to thie solution of one of the most 
important mathematical problems that has ever engaged the attentio 
of man, viz. to determine the place of a ship at sea. 

When a ship sails from any known place, and a correct account is 
kept of her various directions, and rates of sailing, her situation at any 
time may be readily ascertained by the rules of plane trigonometry, and 
the solution of the problem from these data belongs to Navigation, 

But it is impossible to measure a ship's course and the distance 
sailed exactly; so that after a long passage it would be unsafe to com- 
pute the place of the ship from the shif/s reckoning. In such cases, 
therefore, the solution must be effected from other data, independent of 
the ship's account; these are furnished by astronomical observation, and 
the computation is performed by the rules of spherical trigonometry; 
the problem then becomes one of Nautical Astronomy, We shall devote 
a distinct chapter to each of these important branches. 



CBAPTXIt Z. 



THE PRINCIPLES OF NAVIGATION. 



Definitions. 

(63.) 1. The earth is very nearly spherical. For the purposes of 
Navigation it may be considered as perfectly so. It revolves round one 
of its diameters, called its axis, in about twenty-four hours. This ro- 
tation is from the west towards the east, causing the heavenly bodies 
to have an apparent motion from the east towards the west. 

2. The great circle, whose poles are the extremities of the axis, is 
called t)ie equator. The poles of the equator are called also the poles 
of the earth; the one being the north pole, and the other the south pole. 

3. Every great circle which passes through the poles, and which, 
therefore, cuts the equator at right-angles, is called a meridian circle. 
Through every place on the surface of the earth such a great circle is 
supposed to be drawn; it is the meridian of the place. It is expedient 
for the purposes of Geography and Navigation to fix upon one of these 
meridians as o. first meridian^ from which the meridians of other places 
are measured. 

The English have fixed upon the meridian of Greenwich Observatory 
for the first meridian. 

4. The longitude of any place is the arc of the equator, intercepted 
between the meridian of that place and the first meridian; the loi^itude, 
therefore, is the measure of the angle between the two meridians. The 
longitude is east or west, according as the place is situated on the right 
or on the left of the first meridian, when we look towards the north 
pole. 

5. The difference of longitude between two places is the arc of tlie 
equator intercepted between the meridians of those places, or the mea- 
sure of the angle which they include; hence, when the longitudes of the 
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places are of the same denomination^ that is, either both east or both 
west, the difference is found by subtracting the one from the other; but 
when they are of contrary denominations the difference is found by 
adding the one to the other. 

6. The latitude of a place is its distance from the equator, measured 
on the meridian of the place. Latitude, therefbre, is north or south, 
according to the pole towards which it is measured, and cannot exceed 
90"*. 

7. The small circles drawn parallel to the equator are called parallels 
of latitude. The arc of a meridian, intercepted between two such par 
rallels, drawn through any two places, measures the difference of lati- 
tude of thpse places: when the latitudes are of the same denomination 
the difference of latitude is found by subtraction, but when the denomi- 
nations are not the same the difference of latitude is found by addition, 
like difference of longitude. 

8. The horizon of any place is an imaginary plane, conceived to touch 
the sur&ce of the earth at that place, and to be extended to the heavens; 
such a plane is called the sensible horizon, and one parallel to it, but 
passing through the earth's centre is the rational horizon of the place. 
^ line drawn across the horizon and through the place, in the plane of 
its meridian, is the meridian of the horizon, or the north and south line; 
the horizontal line through the same point, and perpendicular to this, 
is the east and west line. Besides the North, South, East, and West, 
points thus marked on the boundary of the horizon, this boundary is 
conceived to be subdivided into other intermediate points, correspond- 
ing to the divisions in the circle at the top of next page. 

9. The course of a ship is the angle which her track makes with the 
meridians; so long as this angle remains the same, the ship is said to 
sail on the same rhumb line, or loxodromic curve. The magnitude of 
theaogle or the course is indicated by the mariner* s compass. 

10. The Mariner's compass consists of a circular card, whose cir- 
cumference is divided into thirty-two equal parts, called points, and 
each of these are subdivided into four equal parts, called quarter points; 
acioss this card is fixed a slender bar of magnetized steel, called the 
needle; the tapering extremities of which point to two diametrically 
opposite divisions of the card. These opposite divisions are marked 
N. and S., corresppnding to the north and south poles, or ends, of the 
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magnetiied bar. The diameter W.E., at right-angles to the diameter 

N.S., point out the west and east points; ~" 

these four are called the cardinal points, 
and the others are marked as in the sub- , 
joined diagram. 

Thus one point from the north towards I 
the east is Tior(A by eail ; two points, north, \ 
north-eait ; three points, nor/A-eati iy 
nertk; and 90 on. (See tiie table of 
Rhumbs at the end.) 

The card thus furnished being now suspended horizontally, and bo as 
lo allow the needle to settle itself freely, will point out the four cardi- 
nal points of the horizon, as also the several intermediate points, pro- 
vided only that it is the property of the magnetic needle to point due 
north and south. Such, however, is not strictly thecase, as the needle 
is found, from accurate observations, to deviate from this position, and 
at some places very considerably, and this deviation is itself subject to 
variation. But the true direction of the compass, or the angle it makes 
at any place with a line pointing duly north and south, may be ascer- 
tained at any time by astronomical observations, and thus the deviation 
of the compass-points, from the corresponding points of the horizoB, 
may always be found and allowed Ibr. 

Hie compass is so placed on ship-board that the vertical plane, 
cutlbg the ship from stem to stem, may pass throu^ the centre of the 
card, so (hat that point of the compass which is directed to the ship's 
head shows the coinpass-counef and the proper correction for variatioD 
being applied, the true courts will be obtained. 

11. A ship's rofe of sailing is dclennined by means of an instrument, 
called the Log, and an attached ibe, called the Icg-line. The log is a 
piece of wood forming tlie sector of a circle, and its rim is so loaded 
with lead that when hcased into the sea it assumes a vertical posidon, 
with its centre barely above the water. The log line is so attached as 
to keep the Eice of the lag towards the ship, thai ii may ofier the greater 
resistance to being dragged after the ship by the log-line, as it unwinds 
from a reel on board, by the advancing motion of the ship. The length 
of line thus unwound in half a minute, gives the rate of sailing. For 
convenience the log line is divided bto equal parts, called knott, of 
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which each measures the 120th of a nautical or geographical mile*, and 
as half a minute is the 120th of an hour, it follows that the number of 
knots, and parts of a knot, run in half a minute expresses the number 
of miles, and parts of a mile, run in an hour, at the same rate of 
sailing. 

On Plane Sailing, 

(64.) Let the annexed diagram represent a portion of the earth's sur- 
face, P being the pole, and £Q the equator. 
Let AB be any rhumb line, or track described 
by a ship in sailing on a, single course from A 
to B. Conceive the path of the ship to be 
divided into portions A6, 6c, cd, &c. so small 
that each may differ insensibly from a straight 
line, and draw meridians through these several ^^ 
divisions, as also the parallels of latitude bb*^ 
ccf, dify &c.; we shall thus have a series of triangles described on die 
surface of the globe, but so small that each may be considered as a 
plane triangle. These triangles are all similar, for the angles at 6', c', 
<t, &c. are right-angles, and the ship's path cuts all the meridians at 
equal angles; hence (Geom. prop. 9, Book 6,) 

Ab : Ab' :: be : be :: cd : cd', <fec. 

therefore, (Geom. prop. 5, Book 5,) 

A* : Ab':: Ab-\-bc-\-cd + &c. : Ab' -f be -f ed' -\- &c. 

But A6 -f- 6c 4- c(i -f &c. is the whole distance sailed, and A6' -f 6c' 
-|- ccT -t- &c. = AB', is the difference of latitude between A and B ; 
consequently, if a right-angled triangle ABB', similar to the small tri- 
angle A66', be constructed, that is, one in which the angle A is equal 



* The geogpraphical mile is one minute of the earth's ciicumference. 
Taking the diameter at 7916 English miles, the geographical mile will bo 
«bout 6079 feet. 

l2 
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to the course, and if the hypotenuse AB represent the j'p 

distance sailed, the side AB' will represent the difference 

of latitude. Moreover the other side BB', or that opposite 

to the course, will represent the sum b*b -f cc + (fd -f* &c* 

of all the minute departures which the ship makes from 

the successive meridians which it crosses; for as the 

triangle ABB', in this last diagram, is similar to the small triangle Abb% 

in the former, we have 

AA: W:: AB:BB' .... (l)j 

but in the first figure we have 

Ab : bb' :: be : cc' :: cd: ddf, <fec. 
.-. Ab :bb':: Ab-\- be' -\- cd -\' &c. : bb' + ec -\- dd' + <fec. . . . (2); 

consequently, since the three first terms of (1) are respectively equal to 
those of (2), the remaining terms BB', bb' + cc' -|- cW -f &c. must be 
equal. This last quantity is called the departure of the ship in sailing 
from A to B. It follows, therefore, that the distance sailed , the difference 
of latitude made, and the departure, are correctly represented by the 
hypotenuse and sides of a right-anuled plane triangle, in which the angle 
opposite the departure is the course, so that when any two of these 
four things are given the others may be found simply by the resolution 
of a right-angled plane triangle; as far, therefore, as these particulars 
are concerned the results are the same as if the ship were sailing on a 
plane surface, the meridians being parallel straight lines, and the pa- 
rallels of latitude cutting them at right-angles; and hence that part oi 
Navigation in which only distance sailed, departure, difference of lati- 
tade, and course are considered, is called Flane sailing. 



EXAMPLES. 



1. A ship fi-om latitude 47° 30' N. has sailed S. W. by S. 98 miles* 
What latitude is she in, and what departure has she made? 
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Let C be the place sailed from, CB the meridian, the 
angle C = 3 points =: 33° 45', and CA = 98 miles, the 
distance sailed ; then CB will be the difference of lati. 
tude, and BA the departure. 



As rad. . .10* 

: Distance 98 1*9912261 

: : cos. coarse 33^45' 9*9198464 




: Diff. of lat. 81*48 1*9110725 



As rad. 


. 10* 


: Dist. 


1 '9912261 


: : sin. course 


9*7447390 



: Departure 54*45 



1-7359651 



Latitude left 47° 30' N. 
Diff. of lat* = 81*48 minutes = 1 22 S. Dep. =s 54*45 miles W. 



Latitude in 46 8 N. 



2. A ship sails for 24 hours on a direct course, from lat. 38° 32' N., 
till she arrives at lat. 36° 56' N.; the course is between the S. and E., 
and the rate 5^ miles an hour. Required the course, distance, and de-* 
parture. 



Lat. left 38° 32' N. 
Lat. in 36 56 N. 



24 X 5^ = 132 miles, the distance. 



Diff. 1 36 = 96 miles 






AsDist. 132 . 2*1205739 


As rad. 


. 10* 


: Rad. . 10* 


: Dist. 


. 2*1205739' 


:: Diff. lat. 96 . 1*9822712 


: : sin. course 
: Dep. 90*58 . 


9*8364771 


: cos. course 43° 20' . 9*8616973 


. 1-9570510 

V 



Hence the course is S. 43° 20' E., and the departure 90*58 miles E. 

3. A ship sails from lat. 3° 52' S. to lat. 4° 30' N., the course being 
N. W. by W. i W.; required the distance and departure. 

Distance 1065 miles, Departure 938*9 miles W. 

4. Two ports lie under the same meridian, one in latitude 52° 30' N, 



116 PLANE AND SPHERICAL TRIOONOMRTRT. 

and the other in latitude 47° IC N. A ship from the southemmost saib 
due east, at the rate of 9 miles an hour, and two days after meets a sloop 
which had sailed from the northernmost port; required the sloop's 
direct course and distance run. 

Course S. 63^28' E., or S. E.f E. ; distance run 537*6 mites. 

• 5. If a ship from lat. 48° 27' S., sail S. W. by W., 7 miles an hour, 
in what time will she arrive at the parallel of 50° S.? 

In 23*914 hours. 

6. If after a ship has sailed from lat 40° 21' N. to lat. 46° 18' N., 
she be found 216 miles to the eastward of the port left; required her 
course and distance sailed. 

Course N. 31° U' E., dist. 417*3 miles. 



Traverse Sailing. 

(65.) When a ship, in going from one place to another, sails on dif* 
ferent courses, it is called traverse sailing ; and the determination of the 
single course and distance from the one place to the other is called 
working or compounding the traverse. To effect this, it is obviously 
merely necessary to find the difference of latitude, and departure, due 
to each distinct course, to take the aggregate of these for the whole dif- 
ference of latitude and departure, and from these to find, as in last 
article, the single course and distance. It is usual in thus compoimd- 
ing courses to form a table consisting of six columns, called a traverse 
tablCy and in the first column to register the several component courses, 
and against them, in the second column, the proper distances; the next 
two columns, marked N. and S., are to receive the several differences of 
latitude, whether N. or S., due to each course, and distance, and the two 
remaining columns marked E. and W. are to receive, in like manner, 
the corresponding eastings and westings^ that is, the departures. When 
these several particulars are all inserted, the columns are added up, 
and the difference of the results of the N. and S. columns will be the 
required difference of latitude, and the difference of the results of the 
E. and W. columns will be the corresponding departure. 

The columns appropriated to the differences of latitude and depar- 
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tures are usually 611ed up from a table already computed to every 
quarter point of the compass, and to all distances from one mile up to 
a hundred or 120; so that, by entering this table with any given course 
and distance, the proper difference of latitude and departure is found by 
inspection. Most books on navigation contain also a second and more 
enlarged traverse table, being computed to every course from a quarter 
of a degree up to forty-five degrees. This latter table we have not 
thought it necessary to insert in our collection, but the former we have 
given (Table iv.), and its use is fully explained in the introduction 
prefixed. 

But there is another mode of finding the direct course and distance, 
much practised by seamen, viz. by construction. To facilitate this con- 
struction the mariner's scale is employed, which is a two-foot fiat rule 
exhibiting several scales on each side, by help of which and a pair of 
compasses the usual problems in sailing may be all solved. One of 
these scales is a scale of chords, commonly called a scale of rhumbs, 
being confined to every quarter point of the compass; and another is a 
more enlarged scale of chords, being to every single degree. Both these 
scales are constructed in reference to the same common radius, so that 
the chords on the scale of rhumbs belong to that circle whose radius 
equals the chord of 60° on the scale of chords; and the method of lay- 
ing down a traverse firom these scales, and one of equal parts, and of 
thence measuring the equivalent single course, and distance made good, 
will be at once understood from the following examples. 



EXAMPLES. 

1. A ship sails from a place in lat. 24° 32' N., and has run the fol- 
lowing courses and distances, viz. 

1st, S.W. by W., distance 45 miles; 2d, E.S.E., distance 50 miles; 
3d, S.W., distance 30 miles; 4th, S.E. by E., distance 60 miles; 5th, 
S.W. by S. J W., distance 63 miles: required her present latitude, 
with the direct course and distance from the place left to the place 
arrived at 



118 



PLANE AND SrHERICAL TRIGONOMETRY. 



Traverse Table, 



Courses. 

1 


Dist. 


Difference of Lat. 


Departure. j 






N. 


S. 


E. 


W. 


S.W. by W. 


45 




25-0 




37-4 


lii.s.Ei. 


60 




19*1 


46-2 




S.W. 


30 




21-2 




21-2 


S.E. by E. 


60 




33-3 


49-9 




S.W. by S. iW. 


63 




60-6 




3T-5 








149-2 


961 


961 



It appears from the results of this table that the difference of latitude 
made by the ship during the traverse is 149*2 S. = 2°29' S. 

Lat. left . . . 24°32'N. 
Diff. lat. . . . 2 29 S. 



Lat. in 



22 3N. 



It appears also that the departures east are equal to the departures 
west, so that the ship has returned to the meridian she sailed firom, con- 
sequently the direct course from the place left to that come to is, due 
south, and the distance is equal to the difference of latitude, which is 
149-2 miles. 

The construction of this traverse is as follows. 

With the chord of 60°, taken from the line of chords on the mariner*s 
scale, describe the horizon circle, and draw 
the north and south line N.S. From the line 
of rhumbs take the chords of the several courses, 
and as these are all southerly they must be laid 
off from the south point S, those which are 
westerly to the left, and those which are east- 
erly to the right, their extremities being marked 
1, 2, 3, &c. in the order of the courses. This 
done, lay off from any convenient scale of 
equal parts, and in the direction Al the dis- 
tance AB sailed on the first course ; then in the 
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direction parallel to AS, the distance BC sailed on the second course; 
in the direction parallel to A3, the distance CD on the third course ; in 
the direction parallel to A4, the distance D£ onthe fourth course; and, 
lastly, in the direction parallel to A5, the distance £F on the third 
course; then F will represent the plane of the ship at the end of the 
traverse ; FA, being applied to the scale of equal parts, will show the 
distance made good, and the chord of the arc included between this 
distance, and the meridian, being applied to the line of rhumbs, will 
show the direct course. In the present case the intercepted arc will be 
0, showing that F is on the meridian of A. 

2. A ship from Cape clear, in lat. 51° 25' N., sails 1st, S.S.E. i E., 
16 miles; 2d, E.S.E., 23 miles; 3d, S.W. by W. i W., 36 miles; 4th, 
W. i N., 12 miles; 5th, S.E. by E. ^ E., 41 miles: required the dis- 
tance made good, the direct course, and the latitude in ? 



Traverse Table. 



Courses. 


Dist. 


Difference of Lat. 


Departure. 






N. 


S. 


E. 


W. 


d.S.fi. ^ ill. 


16 




14-5 


6-3 




£»S>£«. 


23 




8-8 


21-3 




S.W. by VV. i W. 


36 




170 




31-8 


W.f N. 


12 


1-8 






11-9 


S.E. byE.f E. 


41 




2M 


35-2 








1-8 


61-4 
1-8 


63-3 
43-7 


43-7 




59-6 


19-6 



Lat. left 

Diff. lat. 69'6m 


51°25'N. 
. 1 OS. 


Lat. in 


50 25 N. 
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Asdiff.lat. 59*6 
: rad. 
: : departure 19*6 . 

: tan. course 18° 12' 



1-7752463 
10- 
1-2922561 

9-5170098 



As sin. course 
: departure . 
: : rad. 

: distance 62*74 



9-4946205 
1*2922561 
10- 

1-7976356 



therefore, as the difference of latitude is south, and the departure east, 
the direct course is S. 18° 12' £., and the distance made good 62*74 
miles. 

To construct this traverse, describe, as before, the horizon circle, with 
a radius equal to the chord of 60°, and taking from the line of rhumbs 
the chord of the first course, 2^ points, apply it firom S. to 1, to the right 
of S.N., as this course is south-easterly; apply, in like manner, the chord 
of the second course, 6 points from S. to 2, also to the right of the meri- 
dian line; apply the chord of the third course, 5^ points from S. to 3, to 
the left of the meridian, the chord of the fourth course, 7i firom N. to 4, to 
the left of N.S., this course being north-westerly, and, lastly, apply the 
chord of the fifth course, 5J points, firom S. 
to 5, to the right of S.N. In the direction 
Al, lay off the distance AB = 16 miles if.^ 
from a scale of equal parts ; in the direction 
parallel to AQ, lay off the distance BC 
= 23 miles; in the direction parallel to 
A3, lay off CD = 36; in the direction 
parallel to A4, lay off DE = 12 miles; 
and, lastly, in the direction parallel to A5, 
lay off EF = 41, then F will be the place 
of the ship at the end of the traverse; con- 
sequently, AF will be the distance made 
good, and the angle FAS the direct course; 
applying, therefore, the distance AF to the scale of equal parts, we 
shall find it reach from to 62| ; and applying the distance Sa to tlie 
line of chords, we shall find it reach from to 18°. 

3. A ship from lat. 28° 32' N., has run the following courses, viz. 1st, 
N.W. by N., 20 miles ; 2d, S.W., 40 miles ; 3d, N.E. by E., 60 miles; 
4th, S.E., 55 miles; 5th, W. by S., 41 miles; 6th, E.N.E., 66 miles. 
Required her present latitude, the distance made good, and the direct 
course from the place left to that come to. 
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Hie direct oonne is doe east, and distance 70*8 miles, the siiip being in 
tte same latitude at tlie end te at the beginning of the tnvefse. 

4. Ashipfiom lat. 41**12'N., sails S.W.by W., 21 miles; S.W.f S. 
31 miles; W.S.W. i S., 16 miles; S. } E^ 18 miles; S.W. j W., 14 
miles; and W. | N., 30 miles: required the latitude of the place 
airiTed at^ and the direct course and distance to it. 

Lat. 40° 6' N. ; course S. 52° 49^ W. ; distance 111*7 miles. 

5. A ship runs the following courses, viz. 

l8t, S.E., 40 miles; 2d, N.E., 28 miles; 3d, S.W. by W., 52 
niles; 4th, N.W. by W., 30 miles; 5th, S.S.E., 36 miles; 6th, S.E. 
by £•> ^8 miles: required the direct course and distance made good. 
Direct course S. 25° 6iy E., or S.S.E. ^ E. nearly; distance 95-87 miles. 

Hiese examples will, perhaps, suffice to illustrate the principles of 
plaae sailing, in which, course, distance, difference of latitude, and 
departure, are the only things concerned. The determination of the 
di£Bsrence of longitude made on any course cannot be effected by these 
principles, for this element is not the same as if the meridians were all 
parallel to each other, as is the case with the other elements. The find- 
ing of the di£ference of longitude is the easiest when the ship sails due 
east or due west, that is, upon a parallel of latitude; this is called pa- 
rallel sailing. 

Parallel Sailing, 

(66.) Tlie theory of parallel sailing is comprehended in the following 
proposition, viz. 

The cosine of the latitude of the parallel is to tiie distance run as the 
radius to the difference of longitude. This may be demcmstrated as 
ii^ows. 

In the figure, at page 66, let IQH represent the equator, and BDA 
any parallel of latitude ; CI will be the radius of the equator, and cB 
the radius of the parallel. Let BD be the distance sailed, then the 
difierence of longitude will be measured by the arc IQ of the equator, 
and since (Geom., prop. 12, Cor. 2, B. 7) similar arcs are to each othei 
as tiie ladii of the circles to which they belong, we have 

cB : CI : : dist. BD : diff. long. IQ. 

M 
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But cB is the cosine of the latitude IB to the radius CI, that is, cR 
' is CI times the trigonometrical cosine of the latitude; hence the above 
proportion is 

CI X €09. lat, : CI : : distance : diff. long. 

.*. cos. lat. : Rad. (^1) : : distance : diff. long. .' . , • (1). 

I 

Corollary : hence if the distance between any two meridians, measured 
II a parallel in latitude L be D, and the distance of the same me- 
ridians, measured on a parallel, in latitude L' be D', we shall have, 
(Gcom.,prop. 15, Cor. 2, Book 5,) 

coH. L : D : : cos. L' : D' . . . . (2). 

Hence if one of the legs of a right-angled triangle represent 
the distance run on any parallel, and the adjacent acute- 
angle be equal to the degrees of lat. of that parallel, then 
the hypotenuse will represent the difference of longitude, 
since this hypotenuse will be determined by the foregoing 
proportion (1). It follows, therefore, that any problem in *^*^ 
piirallel sailing may be solved by the traverse table, computed to de* 
grees, as a simple case of plane sailing; for by considering the latitude 
as tlie course, and the distance as the difference of latitude, the corres- 
ponding distance in the table will express the difference of longitude. 




EXAMPLES. 

1. A ship from latitude 53** 56' N., longitude 10® 18' E., has sailed 
due west, 236 miles : required her present longitude. 
By the rule 

As cos, lat. 53«*56' , , , 0*7609]dl 

; radius • , . IQ* 

: : distance 236 • . . 2*3729120 



: dir, ipng, 40S»87 ,. i .^^•6029»86 
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Long, left . 10° 18' E« 

400 
Diflf. long. = — - degrees = 6 40 W. 



Long, in . 3 3S E. 

2. If a ship sail £. 126 miles, from the North Cape, in lat. ri"" 10' 
N.y and then due N., till she reaches lat. 73° 26' N. ; how far must she 
sail W« to reach the meridian of the North Cape? 

Here the ship sails on two parallels of latitude, first on the parallel of 
71^ lO'y and then on the parallel of 73° 26', and makes the same dif- 
ference of longitude on each parallel. Hence, by the corollary, 

As cos. lat. 71° 10' aritb. comp. 0-4910444 

: distance 126 . . 2*1003705 

: : cos. lat. 73 26 . . 9*45^0441 



: distance 111*3 . . 20464590. 



3. A ship in latitude 32° N. sails due east, till her difference of lon- 
gitude is 384 miles; required the distance run 

325*6 miles. 

4. If two ships in latitude 44° 30' N., distant from each other- 216 
miles, should both sail directly south till their distance is 256 miles, 
what latitude would they arrive at? 

32°17'S. 

6. Two ships in the parallel of 47° 54' N., have 9° 35' difiei^nce of 
longitude, and they boUi sail directly south, a distance of 836 miles : 
required their distance from each other at the parallel lefl, and at that 
reached. 

385*5 miles, and 470*0 miles. 



Middle Latitude Sailing, 

(67.) Having seen how the longitude which a ship makes when sailing 
on a parallel of latitude may be determined, we come now to examine 
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the more general problem, viz. to find the longitude a ship makes when 
sailing upon any oblique thumb. 

There are two meUiods of solving this problem, the one by what is 
called middle latitude sailing, and the other by Mercator^isailing, Tbe 
first of these methods is confined in its application, and is mmeover 
somewhat inaccurate even where applicable; the second is perfectly 
general, and rigorously true ; but stiU there ue cases in which it is ad- 
visable to employ the method of middle latitude sailing, in piefisieiioe 
to that of Mercator's sailmg; it is, therefore, proper that ndddle lati- 
tude sailmg should be explained, especially sinoe, by means of a cor- 
rection to be hereafter noticed, the usual inaccuracy of dua method 
may be rectified. 

Middle latitude sailing proceeds on the supposition that the depar- 
ture or sum of all the meridional distances 
i/b, (/c, dfd, &c. fix)m A to B, is equal to the 
distance M'M of the meridians of A and B, 
measured on the middle parallel of latitude 
between A and B. 

This supposition becomes very inaccurate 
when the course is small, and the distance run 
great; for it is plain that the middle latitude 
distance will receive a much greater accession than the departure, if 
the track of B cuts the successive meridians at a very small angle* 

The principle approaches nearer to accuracy as the angle A of the 
course increases, because then as but little advance is made in latit^i^4^, 
the several component departures lie more in the immediate vicini^ of 
the middle latitude parallel. But still, as in very high latitudes, a small 
advance in latitude makes a considerable difference in meridional dis- 
tance, this principle is not to be recommended in such latitudes if much 
accuracy is required. 

By means, however, of a small table of corrections, recently con- 
structed by Mr, Workman, and judiciously introduced by Mr, lUdeUe 
in the second edition of his valuable Treatise on Navigation, the impep- 
fectionsofthe middle latitude method may be removed, and the results 
of it rendered in all cases accurate. This table we have given at the 
end of the present volume, and have explained its construction in the 
introductory explanation to the Tables. 
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The rules for middle latitude sailing may be thus deduced. 

It has been seen at (64) that the difference of latitude, departure, and 
distance, sailed on any oblique rhumb, will be all accu- ., 
rately represented by the sides AB', B'B, AB, of a plane 
triangle. Now, by the present hypothesis, the departure 
B'B is equal to the middle latitude distance between the ^l- 
meridiansof the places sailed from, and arrived at, so that 
the difference of longitude of the two places of the ship is 
the same as if it had sailed the distance B'B, on the 
middle latitude parallel; the determination of this difference of longi- 
tude is, therefore, reduced to a case of parallel sailing, for BB', now 
representing the distance on the parallel, and an angle A' BB' bein^ 
made equal to the latitude of that parallel, we shall have the difference 
of longitude, represented by the hypotenuse A'B. We thus have the 
following theorems, vie. in the triangle A'RB, 

COS. A'BB' : BB' : : radius : BA*; 
thatiSy 

I. Cos* mid. lat. : departure : : radius : diff. of lon^. 
In tbe triangle A'BA, 

sin. A* : AB : : sin. A : A'B ; 
tbat is, 

II, Cos. mid. Ut. : distance : ; sin. coarse : diff. long. 
In 4e triangles ABB*, A'BB', 

AB' tan. A = B'B ; A'B cos. A'BB' = B'B ; 

thereferey 

AB' : A'B i : cos. A'BB' : tan. A ; 

that is, 

III. Diff. lat. : diff. long. : : cos. mid. lat. : tan. course* 

Theae three proportions comprise the theory of middle latitude sailing, 
and wfai^ to the middle latitude the proper correction, taken from A^r. 
Workman's table, is added, these theorems will be rendered strictly ac- 
curate. 



m2 
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1. A ship, in latitude 51° Iff N., longitude 22° 6' W,, is bound to a 
I place in (he S.E. quarter, 1024 miles distant, and in laL 37° N.: what 19 
I her direct coiuseand distance, as alao the diSereuce of longitade between 



Lat,from5ri8'N. 



> Sum u! latitudes 
ST N.3 



Mid. lat. 
DiS. lat. 14 18 = 959 milee. 

For the conne. 
[ Asdistonce 1034 3-0I03 



: diir. lut. 959 S-V3U9-13 
: iOB.courBe3a''S'B-B231813 



idlElat. 969 
: dlff, long. 7TB 



. 0'l44168g 
g-S138»S3 
S'e3348T3 

SHB]663i 



In Uits operatioii the middle latitude has not been corrected, so ihat 
the difference of longitude here determined is not without error. To 
find the proper correction look for the given middle latitude, viz.44''9' 
in the table of corrections, the nearest to which we find to be 45°; 
against this and under 14° did. of lat, we find 27', also under 15° we 
find 31', the difference between the two being 4'; hence correspond- 
ing to 14° 18' the correciion will be about SB'. Ileiice Ae corrected 
middle btiiude is 44° 37', therefore. 



corrected mid. lat. 44°3T 


ar 


com 


. 0-HS3T80 


: tan. course 33 5 






98138903 


: : dlff. hit. &5a 






S -6334813 


: diff. long. 198-8 






B-SBilB41t 



'., the error in the IbroDerresultis about 7l miles. 
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2. A ship sails in the N.W. quarter^ 248 miles, till her departure is 
135 miles, and her difference of longitude 310 miles: required her 
course, the latitude left, and the latitude come to. 

Coarse N. 32*> 69' W. ; lat. left 62«> 27' N. ; lat in «6«> 65' N. 

3. A ship, from latitude 37^ N., longitude 9^ 2' W., having sailed 
between the N. and W., 1027 miles, reckons that she has made 564 
miles of departure; what was her direct course, and the latitude and 
longitude reached? 

Course N. 33* 19' W, or N.W. by N. nearly ; lat 61« 18' N.; long. 22*^8' W. 

4. Required the course and distance from the east point of St. 
Michael's, lat. 3r* 48' N., long. 25° 13' W., to the Start Point, lat 50"* 
13' N., long. 3° 38', the middle latitude being corrected by Workman's 
Table. 

Coarse N. 61"^ 11' E. $ distance 1189 miles. 



Mercator^t Sailing, 

(68.) It has been already seen that when a ship sails on any oblique 
ihumb the difference of latitude, the departure, and the distance run, 
are truly represented by the sides of a right-angled plane C - 
triangle. The departure B'B represents the sum of ail 3 
the veiy small meridian distances, or elementary depar- 
tures, b% c^Cy &c. in the diagram, at page 124, the differ- 
ence of latitude AB represents the sum of all the coires- ^ 
ponding small difference in the figure referred to; and 
the distance AB, the sum of all the distances to which A 
these several departures and difierences belong, and each of these elements 
are supposed to be taken so excessively small as to form on the sphere 
a series of triangles, differing insensibly from plane triangles. 

Let Ab*b in the annexed diagram represent one of these elementary 
triangles, b'b will be one of the elements of the departure, and Ab\ the 
correspondiug difference of latitude; and as 6'6 is a small portion of a 
parallel of latitude, it will be to a similar portion of the equator, or of 
the meridian, as the cosine of its latitude to radius (66). This similar 
portion of the equator, or of the meridiani being the difference of 
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longitude between h' and 6. Suppose now the distance A& prblotiged 
to py till the departure p'p is equal to the diiTerence of longitude of if, 
and 6, then h'b will be to p*p as the cosine of the latitude of 6^6 to the 
radius; but b'b : p*p : : A6' : Ap*\ hence the proper difference of lati- 
tude h}/ is to the increased difference Aj/ as the cosine of the latitude 
of b'h to the radius. Calling, therefore, the proper difference of latitude 
d, the increased difference D, the latitude of b% C, and the radius R, we 

Rd 

have D = r = IW sec. /; the ship, therefore, having made the 

cos./ 

small departure 6'6, and the difference of latitude A6', must continue 
her course till the difference of latitude becomes D, in order that her 
departure may become equal to the difference of longitude correspoDd- 
ing to Vb, Conceiving all the elementary distances to be in this man- 
ner increased, the sum of all the corresponding increased departures 
will necessarily be the whole difference of longitude made by the ship 
during the course; to represent, therefore, the difference of longitud« 
due to the departure B'B, and difference of latitude AB', we must pro- 
long AB^ till AC is equal to the sum of all the elementary di&reDcei 
increased as above, and the departure C'C, due to this difference of 
latitude, will represent the difference of longitude actually made in sail- 
ing from A to B. The determination of AC requires the previoiB 
determination of all its elementary parts; if (2 be taken equal to 1' eadi 
of these parts will be expressed by D = 1' sec. /, from which equatkm 
the values of D, corresponding to every minute of /, from the equator 
to the pole, may be calculated ; and by the continued addition of these 
there will be obtained, in succession, the values of the increased latitude 
corresponding to 1', 2', 3', &c. of proper latitude; these values are called 
the meridional parts, corresponding to the several proper latitudes, and 
"when registered in a table fonn a table of meridional parts, given m aU 
books on Navigation. 

The following may serve as a specimen of the manner in which audi 
a table may be constructed, and, indeed, of the manner in which the 
tirst table of meridional parts was actually formed by Mr. Wright^ the 
proposer of this ingenious and valuable method. 
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Mei.pta.o(l' = nBt.eec. I'. 

Her. pto. of 2* s= nat sec. 1' -\- oat. sec. £'. 

Hot. pts. of 3' ^ nat. eac. I' -|- nat. sec. 2' -f- nat. sec. 3'. 

ita. pb. of 4' = nat. sec 1' -f- oat see. S' -|- nat. sec. 3' + nat «e. i'. 

&a. (be. 

Hence, by means of a table of natural secants, we haie 

Nat. BBCs. Mer. paria, 
Mer.pti. of I' = . . l-OOtMHIIH) = 1-OOOOOtH) 



Mer.pla.ofa' = l-OOCMMWO + 1-0000002 = 

MGT.pta.Df3'=:2'00ua00S -]- 10000004 = 

Mer. pts. of 4' = 3'OOOOOOfl + 1 -OOOOOOT = 
Ac. Ac. 



There aie other methods of coostmction, but this is the most simple 
and obvious; we shall, however, presently have to advert to another 
process of computation, by which the meridiooal parts tor aoy latitude 
may be found independently of previous calculations. The meridional 
parts, thus delermined, are all eicpressed in geographical miles, because 
in (he general expression D ^ 1' sec. /, 1' is a geographical mile. 

Having thus formed a table of meridioual parts, (see Riddle's Naviga- 
tion, or Kohertson's Treatise,) if we enter it with tbe latitudes sailed &om, 
and come to, and take the difference of the corresponding ports in the 
table, the remainder will be the meridional difference of latitude, or the 
line AC in the preceding dingntm, and the difference of longitude C'C 
will then be obtained by this proponion, viz. 

1. As Todms is to the tangent of the course, so i$ the meridional dif- 
ference of latitude to the difference if hngitudc ; or if the departure be 
given instead of the course then the proportion will be 

3. At the proper difference of latitude i* to the departure, so it the 
:eof latitude to the tangent if the coarse. Other 
IS immediately suggest themselves from the preceding figure. 
(89.) As an example of Mercator's, or more properly of Wright's, 
15 lake the following. 



J9 ^ 

I 

I 



I 




I , start lHt.fiO°13'N. Mer.pb. 34948 long. 3°3 

St Michoel'i UL 31 4S N. Mer-pli. S4J3'1 long. 25 1 

12 35 Mer.diO'.liit.aill-TdLtr.long. 21 35 WS 



For the course 


For the distance 




Aa Mer. diff. lal. lOll'T 3'0mj37 


As COS. course 


B-7971501 


: radiod . . 10- 


: |)ra|), dilf. lut. 


2-8121563 


::di{r.long. I^S5 3-ll£269S 


: : rud. . . 
; dL»tancB II SB 


10- 


I lan-conrse Sl^ME. 100945211 


3-015001)2. 



(70.) In the absence of a bible of meridional parts, a table of toga- 
[ithmic tangents may be employed for [he aame purposes; and, indeed, 
the meridional parts corresponding to any given iutitufte may be expe- 
ditiously computed by lielp of suoli a table, and independently of any 
previous eompulations. 

Tliis method of computation will be found investigated at note C, at 
the end, in which we have mentioned one or two additional pailiculars 
reapectJDg Mr. Wright's method. The practical rule is as follows, vii. 
If the log. laogent of lialf the complement of any latitude be sub- 
tracted from 10, and the remainder be multiplied by 79I5-T0446T9, 
&c. the product v\\\ give the meridional parts in miles, corresponding 
to tliat latitude. 
. I'rum thid rule tlie method of operating with logarithmic tongenti, 
I instead of with meridional parts, may be easdy derived. Call (, f, tlte 
logarithmic tangents of the half complements of the latitudes left iiid 
re«£hed, and put u for the constant multiplier 70157044, &c. Then, 
by tiie rule just given, llie meridional difference of latitude will be 



k 



1(10-0 -lio-0! = ''('-0 = C'-0»«><w-r-- 
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10000 

Now log. = •1015104, therefore, the logarithm of the me-i 

a 

ridional difference of latitude is found by removing the decimal point 
in the difference t — If four places to the right, and then subtracting the 
constant number -1015103. Hence, if instead of the logarithm of the 
radius 10, we use 10*1015104, and instead of the meridional parts 
the logarithmic tangents f , t\ of the complements of the half latitudes, 
taking care in setting down the difference of these to remove the deci- 
mal point four places to the right, the proportion (1), at page 129, may- 
be still employed. Thus, taking the foregoing example, the operation 
by this method will be as follows. 



C St. Michael's 26'' 6' .-. t = 9-6901030 
} Co. lat. I 

t Start 19 53i .-. t = 9-558.6051 



t — t'=z 1315-979 



Mi — f 1315-979 arith. comp. . 6-8807418 

: Const, log. . . . 10-1015104 

::diff. long. 1295 . . 3-1122699 



: tan. course N. 51^11' £. . 10-0945250 



The reason why the resulting logarithm here does not exactly coin- 
cide with that obtained by using the meridional parts, is that the me^ 
ridional parts have been computed to but one place of decimals; if 
they had been computed to two or three places, the two results would 
hav« been exactly the same. 

2. Given the Lizard in lat. 49'' 55' N. Barbadoes in lat. 13° 10' N., 
and their difference of longitude 53% or 3180' W.; to determine the 
coarse and distance. 

Course S. 49° 59' W. ; distance 3429 miles. 

3. A ship sails from lat 37° N. long., 22° 56' W, on the course N., 
33° 19' £., till she arrives at lat. 51^^ 18' N.: required the distance 
wiledy and the longitude arrived at 

Distance 1027 miles; loogitade in 9° 45' W« 



I 
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We shall here lermmate ihe present chaptei oa the priaciptes of 
Navigation, having now discuased the several cases of sailing which 
actually dccut in practice. But the student who is desirous of prose- 
cuting his inquines on this very important branch of practical sci^ce 
to greater extent, will, of course, consult works eirpressly devoted to the 
subject. Of these the most elaborate in our languE^e is the valuable 
" Elements" of Robertson, in t»b octavo volumes. The Treatise of 
Mr. Riddle is also an excellent work, abounding with practical exam- 
ples very accurately solved, and upon the whole better adapted to 
modem practice, as well as morecompendious, than Robertson's. Air. 
Narie's Navigation is also a good practical book, and so is Dr. Bowdilcb's 
edition of "Hamilton Moore." 




CBAPTBB. II. 



APPLICATION OP SPHERICAL TRIGONOMETRY TO 
ASTRONOMICAL PROBLEMS. 

(71.) The solution of Astronomical Problems forms one of Ilie raost 
usefuland agreeable applications of the tlieory ofsphetical Trigonometry. 
To such inquiries the theory itself, no doubt, owes its origin, as well ai 
many of the successive improvements which it has gradually received, 
so that a specimen of its use in the solution of astronomical problems 
may reasonably be looked for in a book on Trigonometry. 

For the purpose of mEosuriog the angular distances of the heavenly 
bodies fit>m each other, and from ihe horizon, il is convenient to sup- 
pose them all situated as ibey really appear to an observer on the earth, 
vii. in a spherical concave surrounding our earth and concentric with iL 
Iliis imaginary concave is called ihe celestial sphere, or the apparent 
heavens; in it all the apparent motions of the heavenly bodies ate, for 
the convenience of trigonometrical application, supposed actually to 
lake place; and the entire celestial sphere to revolve daily round tb* 
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earth as if this were at rest in its centre. All this is allowable, because 
the applications of which we speak are not affected by the enquiry, 
wlietlier tiie motions which the heavenly bodies present to an observer 
OD the earth are really as they appear or not. 

At the opening of last chapter we defined several lines which geogra- 
phers had found it convenient to consider as described on the surface 
of the earth; most of these astronomers extend to the heavens. Thus 
tftie plane of the earth's equator, when extended to the heavens, marks 
CD the celestial sphere the great circle called the equinoctial, and in like 
manner, the meridians being extended to the heavens, mark out the 
celestial meridians ; also the axis of the earth, about which its real mo- 
tion takes place, when extended to the heavens, is the axis about which 
the apparent . otion of the celestial sphere takes place : this axis marks 
oat the north .nd south poles of the heavens. 

As the 'u pe. forms its apparent revolution about the earth in 24 
hours it ;»asset or ,i o^ Li an hour; if then we consider, as astronomers 
do, that the day at <;uy place commences at noon, or when the sun is 
on the meridian of that pb.ce, the time shown by the sun in any posi- 
tion will be expressed in degrees by the arc of the equinoctial, inter- 
cepted between the fixed meridian of the place, and that passing through 
the sun, or it will be expressed by the angle included by these meri- 
dians. Celestial meridians are, therefore, also called hour circles, and 
the angle between the meridian of the place and that through the sun 
is called the hour angle, or the horary angle. That meridian which is at 
right-angles to the meridian of the place is the six o'clock hour circle, 
since the sun obviously reaches it when half way between noon and 
midnight. 

Besides these lines, thus transferred from the earth to the heavens, there 
are others peculiar to the celestial sphere, which must be mentioned ; 
these are, 1st, the ecliptic, which is the great circle path described by 
die son among the fixed stars in its apparent annual motion about the 
earth : in reality it is the path of the earth moving in a contrary direction 
aboat the sun. This circle crosses the equinoctial at an angle subject to 
8n eiceedingly small variation, determinable by observation and compu- 
tation; its inclination to the equinoctial is about 23° 28', but it is always 
gi?en with the minutest attainable accuracy in the Nautical Almanack, 
The points where the ecliptic crosses the equinoctial are called the 

N 
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, equinoctial points: the sun enters lliese points abonl the2l9l of March 
and the 23d of September; the formei' being called the vernal cquinei, 
and the latter the auCuinnal equinox. These names are giren because 
at such times the nights are equal in length to the days all over the 
world; for as the two poles of llie earth are at these times symmelri- 
caily aituBled with respect lo the sun, the circular boundary, which 
separates the enlightened hemisphere from llie darkened, must pass 
through both poles; and hence any point on the earth vrill lie as long 
in being carried, by the earth's uniform rotation, through the enlightened 

. part as throogh the dark part, 

I The metidiao through the equinoctial points is called the ei/uinoelial 

Tlte position of any point on the celestiiil sphere, like the position of 
a point on the terrestrial sphere, is marked out by its latitude and lon- 
gitude. Oo the celestial sphere the circle of longitude is the ecliptic; 
and perpendiculars to this, passing, therefore, through the poles of the 
ecliptic, are the circles of celestial latitude; the point from which lon- 
gitude is measured is the remal equinoctial point CommeDcing at 
I diis point, too, the ecliptic is divided into twelve parts, called signs; a 
s therefore 30°. The twelve signs axe named, and sjmbolicallj 
I expressed, Bs follow: 

T. £: Libra. | lO.'yfj' Cnprloomus. 

8.ni Scorpio. 11, iS Aquarius. 
[ 9. n Gemini. 6. Hfl Virgo. 9. i Sugitlarius. j 12. K Pidces. 

TTie first aii of these signs are on the north of the equinoctial, die 
I «lher9 OD the south, and the vernal equboctial point is called the fiist 
' point of Ariea. The longitude is measured boai this point in but one 
direction, y'u. in the order of the signs. 

Besides the above method of marking out the position of a celestial 

body, by means of its latitude and longitude, there is aitothet way, tiz. by 

meoiig of its Right Atcension and Dcdinodan. The right ascension is 

■n the equinoctial from the first of Aries, in the order of the 

■s, and the declination is measured oti die perpendicular to this, orcir- 

Kcle of declination pacing through the ohject. We see, therefore, that what 

I on the terrestrial sphere is latitude and longitude, is on the celestial 
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sphere declination and right ascension; and parallels of latitude on the 
one correspond to parallels of declination on the other. Of these the 
two which are 23° 28' from the equinoctial, one on each sideband which 
therefore touch the ecliptic in the first points of Cancer and Capricorn, 
are called the tropics of Cancer and of Capricorn. These first points 
of Cancer and Capricorn are respectively called the summer and winter 
toUtice; because for a day or two before and after the sun enters them 
he appears to be stationary, and the days to be of equal length, so 
slowly does his declination at those times change, for his motion is 
obviously very nearly parallel to the equinoctial. The meridian, through 
the solstitial points, is called the solstitial colure, and that through the 
equinoctial points, the equinoctial colure. 

Having described the principal circles and points of the celestial 
sphere which are considered as permanent, or which do not alter with 
the situation of the observer on the earth, we come now to describe those 
which change with his place . The principal of these is the horizon, 
which has been defined already (63), and vertical circles which are 
perpendicular to the horizon, and on which the altitudes of celestial 
objects are measured. 

• These vertical circles all meet in two points diametrically opposite, 
viz« the poles of the horizon; that one which is directly over the head of 
the observer is called his zenith, and the opposite one his nadir. That 
vertical which passes through the east and west points of the horizon is 
called the prime vertical; it necessarily intersects the meridian of the 
place (which passes through the north and south points) at right-angles. 

The azimuth of a celestial object is an arc of the horizon, comprised 
between the meridian of the observer and the vertical circle through the 
object, and hence vertical circles are sometimes called azimuth circles. 

The amplitude of a celestial object is the arc of the horizon, comprised 
between the east point and the point where the object rises, or between 
die west point and that where it sets; the one is called the rising am- 
plitude, the other the setting amplitude. 

These definitions and remarks will suffice to render the following 
problems intelligible. 
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PROBLEM I. 

(72.) Given the sun's right ascension and declination to detennine 
his longitude and the obliquity of die ecliptic. 

Let riEtQ represent the celestial meridian through the first of Cancer 
and Capricorn, that is, let it be the solstitial colure, ru the axis of the 
sphere, £Q the equator, eC the ecliptic, and nSt 
the declination circle, passing through the sun S ; 
then ARS is a right-^mgle, and in the right-angled 
spherical triangle ARS there are given the right 
ascension AR, and the declination RS to find the 
longitude AS, and the obliquity SAR, which is an 
easy operation in right-angled spherics. It is necessary, however, to re- 
mark that as celestial longitude and right ascension are measured from A, 
the first point of Aries in the direction AS of the signs quite ronnd die 
celestial sphere, when, of the four quantities in tiie problem, the obliqni^ 
and the declination are given to find the others, we must know on what 
side of the equinoctial the sun is, that is, whether the declination is 
north or soudi, for if the sun have the north declination RS, tiie longir 
tude will be AS ; but if it have the equal south declination R'S', the 
longitude beiug measured in the direction ASC round the gbbe to S', 
will be, instead of A' S', 360°— A'S'. 

It is moreover necessary to know not only on which side of the equi> 
noctial the sun is, but also on which side of the tropic; for the sun, in 
passing from a tropic t0< the equinox, descends through the same gradi^ 
tions of declination as it ascended through in passing from the preced- 
ing equinox to the tropic, although its longitude and right ascension 
goes on increasing; in addition, therefore, to knowing vrfaether the 
declination is north or south, we must also know whether it beencreas- 
ing or decreasing, in order to determine the longitude and right ascen- 
sion without ambiguity; and these particulars will be known from know- 
ing the time of the year when the proposed declination is observed; thus 
from the 21st of March to the 21st of June, during which time the sun 
is in the first quadrant of the ecliptic, the sun's declination is north and 
increasing; it afterwards continues to decrease, still remaining north. 
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during the second quadrant, that is, till the 23d of September, from 
which, till the 2 1st of December, that is, during the third quadrant, the 
declination is south and increasing, after which, or during the fourth 
quadrant, the declination, still south, decreases till the 21st of March. 



EXAMPLES. 

1. Given the sun's right ascension on the 17th of May, 53° 38', and 
its declination 19® 15' 57": required his longitude and the obliquity of 
the ecliptic. 

Applying Napier's rule to the right-angled triangle ARS, we have 

Rad. X cos. AS =: cos. AR cos. RS 

n J • A T» J. na A « . M Rad. sin. AR 

Kad. sm. AR =: tan. RS cot. A .•. cot. A = = — • 

tan. RS 

Hence the computation for AS and A is as follows. 

For the longitude AS. 
COS. AR 53°38' 0" 9'7730185 
COS. RS 19 15 57 9*9749710 



COS. AS 66 67 43 9-7479895 



For the obliquity A, 
sin.AR . . 9-9059247 

tan. RS arith. comp. 0*4565209 

cot. A 23° 27' 50i" . 10-3624456 



2. On the 3 1st of March, 1816, the sun's declination was observed 
at Greenwich to be 4° 13' 31 i": required his right ascension, the obli- 
quity of the ecliptic bemg 23° 27' 51". 

The right ascension was 9° 47' 59". 

3. Required the sun's longitude on the 28th of November, 1810, 
when his declination was 21° 16' 4", and his right ascension, in time, 
16* 14« 58-4', or m degrees 243° 44' 36". 

The longitude was 245° 39' 10", or 8 signs 5° 39' 10". 

4. The sun's longitude being 8' 7° 40' 56', and the obliquity of the 
ecliptic 23° 27' 42^' : required his right ascension in time. 

The right ascension is 16^ 23"» 34'. 

n2 
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PROBLEM II. 

Given the sun's declination to find &e time of his rising and setting 
at any place yrhose latitude is known. 

Let nEsQ represent the meridian of the 
place, Z being the zenith, and HO the horizon, 
and let s' / be the apparent path of the sun on 
the proposed day, cutting the horizon in S. 
Then the arc £Z will be the latitude of the 
place, and consequently EH, or its equal QO, 
will be the colatitude, and this measures the 
angle OAQ; also RS will be the sun's decli- 
nation, and AR, expressed in time, will express the time of sun rise from 
6 o'clock, for nAs is the six o'clock hour circle. 

Hence, in the right-angled triangle ARS, we have given RS and the 
opposite angle A to find AR, the time from 6 o'clock. 

• 

EXAMPLE I. 

Required the time of sun rise at latitude 52** 13' N, when the sun's 
declination is 23° 28'. 
By Napier's rule, 

Rad. sin. AR cs cot A tan. RS = tan. lat. tan. dec. 

tan.23''28' . . 0*6376106 

tan. 52 13 . 10*1105786 



sin. 34 3 21^" . 9*7481892 

4« — 



AR in time 21^16' 13" 25' 
6 



3 43 46 35 ss time of rising. 



* Degrees an conf^rted into honrs by multiplying by 4 and dividiiig 
by 60. 
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SCHOLIUM. 

It should be here renoiarked that the time thus detennined is apparent 
time^ which is that which would be shown by a clock so adjusted as to 
pass over 24 hours during one apparent revolution of the sun, or from 
its leaving die meridian to its return to it again, the index pointing 
to 12, when the sun is on the meridian. But it is impossible that any 
clock can be so adjusted, because the interval between the successive 
return of the sun to the meridian is continually varying, on account 
of the unequal motion of the sun in its orbit, and of the obliquity 
of the ecliptic; each of these varying intervals is called a true soiar 
tkttf, and it is the mean of these during the year which is measured 
by the 24 hours of a well regulated clock, this period of time 
being a mean solar day; hence, at certain periods of the year, the sun 
will arrive at the meridian before the clock points to 12, and at other 
periods the clock will precede the sun; the small interval between the 
axrival of the index of the clock to 12 and of the sun to the meridian 
is called the equation of time, and it is given in page ii. of the Nautical 
Almanack for every day in the year; this correction, therefore, must 
always be applied to the apparent time determined by trigonometrical 
calculation to obtain the true time, or that shown by a well regulated 
clock or chronometer. 

Another circumstance too must be taken into account, in order to 
determine the apparent time with rigorous accuracy, viz. the change in the 
declination of the sun from sunrise to noon. In the Nautical Almanack 
the declination of the sun is given for every day at noon, and if this be used 
in the computation we shall assume that the declination has not varied 
from sunrise to noon, which is not the case; hence it will be neces- 
sary to compute the declination for the time of sunrise, as determined 
above, and then to resolve the problem with this corrected declination. 
Hie correction is obtained by taking from the Nautical Almanack the 
variation of declination in 24 hours, and then finding by proportion the 
variation for the time required. 

2. Required the time of sunrise at latitude 5f 2* 54'', when the sun^ 

declination is 23"^ 28'? 

3ft n«i 49#. 
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3. How long is tfae sua above the horizon in latitude 59° 13' N., 
trhen his decliDation is 18° 40' S,l 

H 35- fii*. 



Given the latitude of the place, and the declination of a heaTealj 
body, to determine its altitude and aiimulh when on the six o'ckict 
hour circle. 

Let HZPO be tbe meridian of the place, Z the 
zenith, HO tLe horizon, S the place of the object 
OD the SIX o'clock houi circle PSp, which of 
couise passes through the east and west points of 
the horizon, and ZSB the vertical circle passing 
through the sun. Then, in the right-angled tri- 
angle SBA, the given quantities are AS, the declination, and the arc 
OP, or an^e SAB, the latitude of the place, to find the altitude BS, 
and the azimuth BO fi:Dm the north point O of tbe horizon ; or to find 
the complement AB of this azimuth, that is, the sun's bearing fiom tbe 




1. What vraa the altitude and azimuth of Arcturus, when upon the 
six o'clock hour circle of Greenvrich, lat. 51" 28" 40" N., on the in rf 

April, 1822; its declination on that day being 20° 6' 50" N.? 
, By Napier's rule we have 

Rad. trtn. BS = Bin. Aaln. AS 




For tbe altitude. 
■in. A dl'iS'W" 
tin, AS Sa 6 50 
■In. BS 15 36 ST 6 4398265 cot. BO T7°9'4" 9-3581M1 

Hence the altitude ia 15" 36' 27", and the aarouth 77* 9' 4" N. 
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2. At latitude 62^ 12' N. the altitude of the sun at 6 o'clock in the 
morning was found to be 18^ 20' 23"; required his declination and 
azimuth. 

Declination 20<> 60' 12^ N., Azimuth 79<> 56' 1 1" from N. 

3. On the 20th of November, 1822, the declination of Aldebaran was 
16° 8' 36" N., what was its altitude and azimuth when on the six o'clock 
hour circle of Greenwich, lat. 51° 28' 40" N.? 

Altitude 12° 32' 3", Azimuth 79° 46' 50" from N. 



PROfBLEM IV. 

Hie latitude of the place and the declination of the sun being given 
to find the time when it is due east, or upon the prime vertical, and the 
altitude at that time. 

Having drawn the meridian of the plane as 
before, the vertical circle ZAN, at right-angles to 
it, will be the prime vertical, A being the east 
point of the horizon HAO : also P being thB ele- 
vated pole, and S the place of the sun, ZP will 
be the colatitude, PS the codeclination, ZS the 
Goaititude, and ZPS the hour angle, or time firom 
noon; hence, in the right-angled spherical triangle SZP, there are 
given SP and PZ, to find SZ and the angle P.^ If the declination is 
not of the same name as the latitude, the sun will arrive at the prime 
vertical at S' before it rises : in this case the declination is to be con- 
sidered as negative. 

By Napier's rule 

Rad. cos. P = cot. SP tan. PZ = tan. dec. cot. lat. 

r» J ar» or. «r. . ,^ Rsd. sln, dec. 

Rad. cos, SP = cos. SZ cos. PZ .•. sin. alt. = : — {-- — 

sm. lat. 
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EXAMPLES. 



1. On the 1st of August, 1831, the sun's declination was 18° 10' 
22' N., at what hour was he due east at Greenwich, and what was his 
^titude at that time? 



For the hour angle, 
tan. dec. 18° 10' 22" 9-5162138 

cot. lat. 51 28 40 9*9009509 



COS. hor. angle 74 51 7 9*4171647 



For the altitude, 
sin. dec. • 9-4939924 

sin. lat. . 9-8934103 



sin. alt. 23° 29' 37" 9 6005821 



4*59**24'28< 
12 

7 35 32. 



Hence the time is 35 seconds and a half past 7 o'clock, and the alti- 
tude 23° 29' 37*. 

2. Given the sun's declination 5° 8' 26" N., and his altitude when 
due east 16° 53' 10"; required the latitude of the place. 

Latitude 17° 58' N. 

3. If the declination of a celestial object be 18° 4' S., what is its alti- 
tude when on the prime vertical of latitude 27°42'S., and its distance 
from the meridian in time? 

Altitude 41° 51'; Merid. distance in tune 3fc26'»20'. 



PROBLEM V. 



To find the time when the apparent motion of a celestial object is 
perpendicular to the horizon, from having its declination and the lati- 
tude of the place given. 



I 
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Let s s' represent the parallel of declination, or 
the apparent diurnal path of the body, and let 
the vertical ZSN be drawn to touch it in S; then 
S will be the place of the body when its apparent 
motion is in the direction SZ of the vertical, and 
therefore perpendicular to the horizon : through S 
draw the hour circle PS, which, being the shortest 
distance from P to ZN, is perpendicular to it (p. 85) ; hence the triangle 
PSZ is right-angled at S, and in which we have given the colatitude ZP, 
and the codeclination PS, to find the hour angle ZPS. 

It is obvious that this problem will be impossible when Ps' exceeds 
PZ; that is, when the declination is less than the latitude. 




PROBLEM VI. 



To determine upon what vertical a celestial object must be, in order 
that a small error, committed in taking its altitude, may have the least 
possible effect upon the hour angle. 

Let S be the place of the sun, or other body, 
but by an error in taking its altitude let it be re- 
ferred to S'. Draw S' S" parallel to the horizon, 
and meeting the parallel of declination s s' in S", 
then when the body is at S" it will really have the 
coaltitude ZS" =: ZS', which it was erroneously 
supposed to have at S, so that in the determination of the hour angle 
P, from the colatitude, the coaltitude, and the codeclination, the small 
angle S' P S' will be the amount of the error. 

As the triangle SS' S" is, of course, exceedingly small, it may be re- 
garded as a rectilinear triangle, right-angled at S'; therefore SS' =: 
SS' sin. S', and SS' =sin. PS- Z. SPS", (see p. 121,) consequently. 




SS' = sin. S"sm. PS • Z. SPS" .-. SPS" =s 



SS' 



sin. S" sin. PS 



. • 



Oh 



Now the angle S' is equal to the angle ZSP, because S' SS" is the 
complement of each, and therefore, by the relation between the sides 
and angles of a spherical triangle, we have 
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sin. S' : sin. PZ : : sin. SZP : sin. PS 

.•. sin. S" sin. PS = sin. PZ sin. SZP. 

Substituting the second member of this equation in (1), we have 

SS' error in alt. 



SPS' = 



sin. PZ sin. SZP cos. lat. sin. azimuth 



This expression will obviously be the least possible when the sine of 
the azimuth is the greatest possible, or when the azimuth is 90°; that 
is, when the body is on the prime vertical. 

Hence, in deducing the time from an altitude of any celestial body, 
it will be best to make the observation when the body is either exacdy, 
or nearly, due east or due west. 



PROBLEM VII. 

The latitudes and longitudes of two celestial objects being given, to 
determine their distance apart. 

Let P represent the pole of the ecliptic, and PS, 
PS', two arcs of celestial latitude, drawn to the two 
objects S, S'; then will these arcs represent the colati- 
tudes, the angle P will be the difference of longitude, 
and the arc SS' will be the distance sought, so that 
we have two sides and their included angle given to 
find the third side. In order to this we must first determine, agreea- 
bly to the method explained at page 99, a subsidiary angle <«», by the 
equation 

cot. (u = tan. PS cos. P ; 

after which the side SS' is found by the equation 

COS. PS sin. (ft) + PS') 




cos. SS' = 



Hill. (JJ 
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EXAMPLES. 



1. Required the distance between Procyonand Capella, the latitude 
of Procyon being 15° 58' 14" S., and its longitude 3' 22° 55' 42"; also 
the latitude of Capella being 22° 51' 57" N., and longitude 2» 1 8° 57' 
57'? 

Taking the difference of the longitudes, we have for the angle P, 
Ps=33o 57' 45"; and for the colatitudes we have PS = 105° 58' 14", 
PS' = 67° 8' 3"; hence the logarithmic process will be as follows: 

ton. PS 105°58'14" . 10-5433466 cos. PS . 9-4395590 

COS. P 33 57 45 . 9*9187658 sin. u), ar. comp. 0*4865396 

cot.w 160 57 46 . 10-4621124 sin. (oi -f PS') 9-8717340 



PS'= 67 8 3 cos. SS' 51° 6' 39" . 9-7978326 



«-f.PS'=:228 5 49. 



In this example cot. uj is negative, because tan. PS is negative, and 
cos. P positive; also cos. SS' is positive, because cos. PS is negative, 
sin. (« 4- PS') negative, and sin. w positive. The operation will ob- 
viously be similar, when, instead of the latitudes and longitudes, the 
right ascensions and declinations of the two bodies are given to find 
their distance apart. 

2. The latitude and longitude of a star S. are 38° 40' 26" N., and 3' 
2« 4' 40"; and of a star S'., 13° 26' ll'N., and 9' 11° 41' 26"; required 
their angular distance apart. 

Distance 127° 7' 11". 

3. What is the distance between Sinus and Procyon, the right ascen- 
sion of Sirius being 99° 0' 21", and its declination 16° 26' 35" S.; and 
the right ascension of Procyon 112° 6' 47", and its declination 5° 45' 

3"N. 

Distance 25° 42' 10". 
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PROBLEM VIII. 

Given the latitude of the place and the sun*s declination to find the 
beginning and end of twilight. 

Twilight commences in the morning and ends in the evening, when 
the sun is about 18° below the horizon. Hence, if PZ (see the diagram 
to next problem,) represent that portion of the meridian which is inter- 
oepted between the elevated pole and the zenith, and S' be that point 
in the sun's apparent path on any day which is 108® fix)m Z, S' will be 
the place of the sun at the commencement of morning twilight, or at 
the termination of evening twilight; also PS' will be the codeclination, 
and PZ the colatitude; we thus have the three sides of the triangle 
PS'Z, to find the angle P. Hence, calling the sum of the three sides 
S, the formula for computing the hour angle P will be 

i 8in.aS-ZP)8in.(i^S~PS0 
sm.iP-M ____ ; 

which is the same as 

. , _ I sin. i (lat. -f 18° -f codec.) sin. J (dec. -f 18° + colat) 

sm. A P = ^ r—- ; 

003. lat. COS, dec. ' 

a very convenient form for computation. 



EXAMPLES. 



1 . At what time did twilight commence at Edinbiirgh, lat. 55° 57' 
20* N., on the 20th of August, 1831, when the sun's declination was 
12° 38' 9" N.? 
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lat-fl8^ 73°57'20" 

codec. 77 21 61 ar. comp. sin. 0*0106480 



2)151 10 11 



75 39 35^^ sin. . 9*98tf2531 



dec. + 18^ 30 38 9 

colat. 34 2 40 ar. comp. sin. 0*2519393 



2) 64 40 49 



32 20 24} sin. . 9*7283086 



2)19*9771490 



sin. P 76°54'54i" . 9*9885745. 



Hence P = 153o 49* 49* = (in time) 10* 15* 19J», so that twilight 
commenced in the morning at 1* 44"* 401^, and ended in the evening 
at 10* 15"»19J». 

2. At what time does the twilight begin at latitude 48° 38' 56" N., 
when the smi's declination is 8° 28' 54' N.? 

Twilight begins at 3j^ 20'". 

3. At what time does twilight end at latitude 52° 12' 35" N., when 
the sun's declination is 15° 55' 25" N.? 

TwiUght ends at 10* 12^"*. 

PROBLEM IX. 

Given the latitude of the place to determine on what day of the year 
the twilight is the shortest, and its duration on that day. 

Let HO represent the horizon, and ho the 
parallel to it, 18° below it; also let PS be thg 
declination circle, passing through the sun 
at sunset, and PZ, that passing through the 
zenith. Conceiving these two circles to re- 
volve with S, PS will come to PS' when S 
comes to S', and PZ will take somedetermi- 
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nate position PZ'. Now, since the ahgles ZPS, Z' P S', are equal, we 
have, by taking from each the common part Z'PS, ZPZ' = Sf>S'; but SPS', 
converted into time, expresses the duration of twilight, ZPZ' is therefore 
the least possible when the twilight is the shortest possible. Now since 
the sides PZ, PZ', are both given, the side ZZ' will be the shortest 
• when the opposite angle, P, is the least; (see equa. (A) p. 74,) hencQ 
when ZZ' is the shortest, the twilight is the shortest; but as the two sides 
Z'S', ZS, of the triangle ZZ'S', are given, the third side virill be shortest 
when the angle S' is the least possible, and this is the case when Z' £dls 
on ZS', for then the angle is 0. Hence the twilight is shortest when the 
angle PSZ is equal to the angle PS'Z. 

Let then z be' the proper position of Z'; we shall have Zz = ZA'— 
zh' = xrS' — zk' =: A' S' = 1 8°, and because PZ == Pa:, the arc P«, bisect- 
ing the angle ZPz, will also bisect the base Zz, and be perpendicular 
to it (54); consequently, 

. r^« . 1 or»o/ sin. Z« sin. 9° ^ ^ 

sm.ZP„ = ,in.lSPS = ,-j^:pz = ^-5^. .... (D; 

also 

COS. PZ 

cos. P« = ; 

00s. Z/t 

and, in the right-angled triangle P/iS', 

cos. 71 S' cos. PZ 
cos. PS = cos. n S cos. Pn = • 



• cos. Zn 

that is, 

8in.99°8in*rlat. sin. 9° sin. lat. ^ «o . , ,«x 

sin. dec. = ^r-^ = rs — =— tan. 9°sm.lat.(2). 

cos. 9° cos. 9° ^ ^ 

The declination being known by this equation, the day of shortest 
twilight is abo known, (Naut, Aim.) The declination will be of a con- 
trary name with the latitude as its sine is negative. Equation (1) ex- 
presses the duration of the twilight. 

Since the angles ZVz, SPS', are equal, the hour angles for the be- 
ginning and ending of the morning twilight, or for the ending and be- 
ginning of the evening twilight, are ZPS', ^PS'. Now, in the right- 
angled triangle PwS', we have 

sin. S rt sin. 99° cos. 9° .. 

sin. M PS =-: — 5F/ = 3 — = A • • • • (3> 

sm. PS cos. dec. cos. dec. 
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The sum of (1) and (3) gives the angle ZPS', and their difference 
the angle 2:PS' = ZPS,and thus we have the hour angles for the be- 
ginning and end of the twilight. 



EXAMPLES. 

1. Kequired the time and duration of shortest twilight at Greenwich, 
lat. SI"" 28' 40', in the year 1832. 



For the day. 
tan. 9° 01907125 

sin. . 51''28'40'' 0*8934103 



sin. dec. 7 7 5 0*0031228 



For the duratioD. 
sin. 0° . . 0*1043324 

COS. 61^28' 40" . 0*7043612 



sin. 14 32 40 . 0*3000712 



The declination is therefore 7° 7' 5" south, which (Naut. Aim.) cor- 
responds to March Ut and to October 12. 

Also the hour angle SPS' is 29° 5' 38", which, in time, is 1* 56"* 
22|^', the duration sought. 

To find the times of beginning and ending of the twilight, we have, 
from the equation (3), 

COS. 0® . 0*0946100 

cos. r* r 5" 00066300 



sin. 05 31 10 . 0*0070800. 



The angle nPS', thus determined, is obtuse, because its opposite side 
i& greater than PS, and this is opposite to a right-angle. This angle, 
converted into time, is 6* 22* 5^'. Adding therefore, to this the angle 
ZPn, in time, that is, half the duration, or SS* 11 J', we have?* 20"* 
16i', the time when the evening twilight ends. Also, by subtracting 
the same quantity, we have 5* 23» 54' fbr the time when the evening 
twilight commences. These results respectively taken from 12* leave 
the times when the morning twilight begins and ends. 
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ON THE PRINCIPLES OF NAUTICAL ASTRONOMY. 

(73.) In our chapter on Navigation we have laid down several 
methods of determining the place of a ship at sea, by help of the account 
kept on board of its progress through the water, that is, of the course and 
distance sailed ; and, if confidence could be placed in this account, even 
when kept with the utmost care, the art of Navigation would be perfect. 
Such perfection, however, it is hopeless to expect; for it does not seem 
possible to measure, with strict accuracy, either a ship's rate or the di- 
rection in which she moves, both of which may indeed be continualty 
varying. In order, therefore, to determine the place of a ship at sea, 
with that accuracy which the safety of Navigation requires, it is abso- 
lutely necessary that we be furnished with methods entirely independent 
of the dead reckoningy and these methods it is the business of Nautical 
Astronomy to teach. 

" It must not, however, be understood that the dead reckoning is 
without its value; on the contrary, when combined with astronomical 
observations, it is of considerable utility in detecting tlie existence and 
velocity of currents, and is indispensably necessary to fill up the short 
intervals which miay occur in unfavorable weather between celestial ob- 
servations. But the too general practice of relying exclusively npon it 
cannot be sufficiently deprecated, and numerous instances might be 
adduced of the fetal consequences of this reliance, in the loss of vessels, 
from errors of such magnitude that they might have been detected by 
the most superficial knowledge of nautical astronomy, and the aid of 
even a good common watch." {Capt, Kater*s Nautical Astronomy in 
the Ency. Met.) 



T » • 



Siinr-Li. A«!n.:5:xT i^>: 



On the C*.rnc:ii..u :. m rjijt'tL ': din mmsriK'i J^z suo:-? :r' 



\ 




(74.) The ine ^iiiijudi «c 2 veitSOL. vsnec: is I^K■rs zzaiecstDod tv 

moan itg angnlariKfMM^ ^mr ^^ -^yargT mrrmt^n ^3r gh^ o&Hgrrer^ H^^ 

is not obtained diicctiT bx ocaerrxicG: ~'cz ss me zessh «c ccmia cor- 
lections applied to ibtt iiijaa*k i l a'TT-jde, Tbese «« saail 
rate andezpbdn. 

Ofikf Dip ur cAa Dtcr^iSsiM '^Jtv H^riijit. 

(75.) Let E repiesent the place of tfce ob- 
server's eye, and S the situation of acr celestial 
body; the first object is to obciin its apparent 
altitude above the horizontal lice £H ; that is, 
the angular distance SEH. Novr, as to the 
observer, the visible horizon b EBH', the alti- 
tnde given by the instrument b the angle 
SEH'; hence we most subtract firom this ob- 
served altitude the angle II EH', called the Dip or Ikprtssion %^f thf 
horizon^ in order to obtain the apparent altitude SEH. 

The angle HEH', or its equal C, is calculated for various eIe\-ations:« 
A E of the eye above the surface of the sea from the proportion « 

C£ : EB = >/eC« — CB« : : rad. : sin. C : 
and the results are registered in a table. 



Of the Semidiameter. 

(76.) When the foregoing correction for dip has been applied, the re- 
sult will be the apparent altitude of the point observed above Uie hori- 
zontal plane through the observer's eye. If this point be Uie uppermost 
or lowermost point of the disc of the sun or moon, a further correction 
will be necessary to obtain the apparent altitude of Uie centre; tlwU is, 
we must apply the angular distance due to tiie semidiainutor. This 
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quantity, both for the sun and moon, is given in the Nautical Almanack. 
But in the case of the moon the semidiameter itself requires a small 
correction depending upon the observed altitude. For the semidiameter, 
furnished by the Nautical Almatiack, is the apparent horizontal semi- 
diameter, or the angle it subtends when in the horizon; but as the moon 
approaches the zenith, her distance from the observer diminishes, and 
tlierefore her semidiameter is viewed under a greater angle. As she is 
nearer to the observer when in the zenith than when in the horizon, by 
one semidiameter of the earth, and as her distance from the earth's centre 
is about 60 semidiameters of the earth, the horizontal semidiameter will 
in the zenith become increased by about ^th part, and at intermediate 
elevations the increase will be as the sine of the altitude. On this 
principle is formed the Table at the end, entitled Augmentation ofth 
Moon*8 Semidiameter, and containing the proper correction to be adM 
tp the given horizontal semidiameter to obtain the true semidiameter. 

On account of the great distance of the sun, no such correction of 
his semidiameter is necessary. 

The corrections for dip and semidiameter being thus applied, the 
result is called the apparent altitude of the centre. In the case of the 
stars the only correction for the apparent altitude is the dip. It must, 
however, be here remarked, that if the centre of the object were visible, 
and its altitude, instead of that of the limb, were to be taken, we should 
not, after applying the correction for dip, obtain precisely the same 
result as that which we have just called the apparent altitude of the 
centre, but should get a value somewhat less. The reason of this is, 
that every vertical arc in the heavens is shortened by refraction, as we 
shall shortly explain, so that the centre would not exceed the observed 
altitude of the lower limb, or fall short of that of the upper, by so great 
a quantity as the ^rz^; semidiameter. Hence, from the apparent altitude 
of the centre, as found from applying the true semidiameter to the ap 
parent altitude of the limb, a small quantity should in strictness be 
subtracted, and this small correction becomes necessary when the lon- 
gitude is to be determined with accuracy. This correction was first 
proposed by Dr. Thomas Young. A table for it is given at the end. 

To obtain the true altitude requires two other corrections, viz. for 
refraction and for parallax. The former of these has indeed an efiect 
upon the two preceding corrections, dip, and semidiameter, which 
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feqniie certaiu modificatioDS in consequence. One of these we have 
adverted to above, and the other will be noticed more particularly in 
the foilowing article. 

Of Refraction. 

(77.) It is a universal fact in optics, that if a ray of light pass obliquely 
out of one medium into another of greater density, it will be bent out 
of its original direction at the point where it enters the new medium, 
and proceed through it in a direction more nearly perpendicular to its 
sur&ce at that point. Hence the rays of light, proceeding fix)m the ce- 
lestial bodies^ become bent downwards as soon as they enter the atmos- 
phere^ their course being directed more nearly towards the centre of the 
earth, so that the rays which enter the eye of an observer, and by which 
any celestial object becomes visible to him, would, if not thus bent down, 
pass over his head; the object is therefore seen by him above its true 
place; the angle between this apparent direction, and the true direction 
of the object, measures the refraction; and, like the correction for dip, 
it 18 always mbtractive; it increases from the horizon, where it is great- 
estf to the zenith, where it vanishes, as the rays from objects in the 
aenidi enter the atmosphere perpendicularly. 

It is the refraction which causes the sun and moon, when near the 
horizon, to present sometimes an elliptical appearance, the vertical dia- 
meter (and, indeed, every oblique diameter) seeming to be shorter than 
the horizontal, because the lower limb, or edge, being more elevated by 
refraction than the upper, the two are brought, in appearance, more 
neariy together. 

At the end of the volume we have given a table of refractions for 
different altitudes, from the horizon to the zenith, and adapted to the 
mean state of the atmosphere; but, as the actual state of the atmosphere 
generally differs from this, it becomes necessary, wheie the true altitude 
of the body is required with the utmost accuracy, to apply a correction 
to the numbers in this table, so as to adapt them to the existing tem- 
perature and density of the atmosphere at the time of observation, as 
indicated by the thermometer and barometer. This table of corrections 
is annexed to the table of mean refractions. It should, however^ be 
observed that below 4° the refraction is very variable and uncertain. 
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and such low altitudes should be avoided as much as possible at 
sea. 

It will be unnecessary to use this annexed table for correcting the alti- 
tude of a celestial object when the latitude of the ship is the only object 
of the observation, as such a correction could seldom make a difference 
so great as half a mile in the resulting latitude; but, in determining the 
longitude by the Lunar Observations, the neglect of these small cor- 
rections would sometimes introduce an error in the resulting longitude 
of more than 30 miles. 

It should be remarked here, that the dip, as determined in article 
(75), is on the supposition that refraction has not elevated the apparent 
horizon, but as such is not the case, the dip requires a correction; the 
amount of this correction is very uncertain, on account of the irregu- 
larity of the horizontal refractions, although it is unquestionable that 
some correction is requisite. It is usual to allow about J or -^ of the 
computed dip for the correction. In our table ^ is allowed, which is 
according to Dr. Maskelyne, but Lambert and Legendre make it -fi. 

When the foregoing corrections have been applied to the observed 
altitude, the result will be the true altitude of the centre above the visi- 
ble horizon, and it remains now to apply the correction necessaiy to 
reduce this to the true altitude of the centre above the rational horizon; 
that is, to the altitude which the body would have if the observer were 
situated at the centre of the earth instead of on its surface. 



Of the Parallax. 

In order to explain the nature and effect of 
parallax, let S represent the place of the object 
observed from the surface of the earth, at E; 
then the angle SEH, that is, the observed angle 
when corrected for dip semidiameter, and re- 
fraction, will be the true altitude of the object, 
in reference to the observer's sensible horizon 
EH ; and the angle SCR will be the true alti- 
tude, in reference to the rational horizon CR; and the difference of 
these angles is the parallax in altitude. If the body be at H,in thesen- 
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sible horizcm, then the difference of which we speak is the entire angle 
HCR ; this is called the horizontal parallax. 

Since the angle SE'H is equal to the angle SCR, we have for the 
paiallax in alt., SE'H — SEII = ESC; that is, the parallax is the 
angle which the semidiameter of the earth subtends at the object; it is 
obviously greatest in the horizon, and nothing in the zenith, and is the 
quantity which must be added to the true altitude above the sensible 
horizon, to obtain the true altitude above the rational horizon. 

The sun's parallax in altitude is given in a Table at the end; and 
the moon's horizontal parallax is given for the noon and midnight at 
Greenwich, of every day of the year, in the Nautical Almanack: and 
from the horizontal parallax thus obtained the parallax in altitude must 
be calculated. This is easy; for since in the triangle SEC, we have 
the proportion 

SC : EC : : sin. SEC = sin. SEZ = cos. SEH : sin. ESC ; 

it follows that the sine of the parallax in altitude varies as the cosine of 
the altitude, so that, as rad. is to the cosine of the altitude, so is the 
sine of the horizontal parallax, to the sine of the parallax in altitude. 
In other words, the log. sine of the horizontal parallax, added to the 
log. cosine of tlie altitude, abating 10 from the index, will give the log. 
sine of the parallax in altitude; but as the parallax is always a very 
small angle it is usual to substitute the arc for its sine, so that 

log. hor. par. in seconds -|- log. cos. alt. — 10^ log. i)ar. in alt. in seconds. 

We must observe here that the horizontal parallax, given in the 
Nautical Almanack, is calculated to the equatorial radius of the earth; 
and, therefore, except at the equator, a small subtractive correction will 
be necessary, on account of the spheroidal figure of the earth. A table 
of such corrections is given at the end, and explained in the introduc- 
tion to the tables. 

Such are the corrections necessary to be applied to the observed 
altitudes of celestial objects in order to obtain their true altitudes. A 
few other preliminary, but very simple, and obvious operations must 
also be performed upon the several quantities taken out of the Nautical 
Almanack, in order to reduce them to their proper value at the time and 
place of observation; for the elements furnished by the Nautical Alma- 
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nack are computed for certain stated epochs^ and their values for any 
intermediate epoch must be found by proportion. But ample directions 
for these preparatory operations are contained in the ** Explanation of the 
Articles in the Nautical Almanack/' by the late Dr. Maskelyne, which 
accompanies every edition of that work. 



Examples of the Correction, 

1. On the 14th of January, 1833, suppose the observed altitude of 
the sun's lower limb to be 16° 24% the observer's eye to be 18 feet 
above the level of the sea, the barometer to stand at 29 inches, and the 
thermometer at 58°: required the true altitude of the sun's centre. 



Observed atl. ©'s L. L. . 


16° 36' 4" 


Depression of the horizon 


--4 4 


App. alt. of L. L. 


16 32 


Refraction . 


— 3 14 


Correction for Barometer 


— 6'5 


Correction for Thermometer 


. — 3-2 


True alt. of L. L. above visible horizon 


16 28 36*3 


Sun's semi-diameter (Naut. Aim.) 


-f- 16 17-3 


Parallax in altitude 


-f 8-4 


True altitude of Sun's centre 


16 45 2. 



2. On the 20th of May, 1833, suppose that m longitude about 77° 
30' west, and lat. about 48° north, at 3^ apparent time, the altitude of 
the moon's lower limb is observed to be 18° 8' 34", the height of the 
eye being 20 feet, the barometer 28*5 inches, and the thermometer 46^: 
required the true altitude of the sun's centre. 

Here the object being the moon, it will be necessary to compute 
the parallax in altitude, from having the horizontal parallax correspond- 
ing to the time at Greenwich. 

The horizontal parallax is given in the Nautical Almanack for every 
noon and midnight; and, therefore, to find it for any other intermediate 
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1.57 



tune, we must say as 12* is to its variation in 12*, so is the proposed 
time to the yariation due to that time. 

In like manner must the moon's semidiameter be reduced, by pro- 
pcfftion to the time of observation, since it sensibly varies in the course 
of a few hours. We shall begin, therefore, with finding in this way the 
true horizontal parallax and semidiameter for the time of observation, 
reduced to the meridian of Greenwich. 

Longitude of the ship in time 5* 10"* after Greenwich time. 
Apparent time at ship 3 

Apparent time at Greenwich 8 10 



Hor. par. at noon (Naut. Aim.) 58' 17' Semidiam. at noon \5* 53' 

Hor. par. at midnight . 58 31 Semidiam. at midnight 15 57 

Variation in 12k 



.'. 12* : «» 10« : : 4' : 
Semidiameter at noon 



14 

2-7' 
. 15' 53 



Hor. semidia. at reduced time 15 55*7' 
Augmentation for 18^ alt. 5*2 

True fiemidiameter . 16 0*0 



Variation in 12k 



4 



.*. 12* : 8* 10"» : : 14" : 0*5' 
Hor. par. at noon 58' 17 



Hor.par.atreducedtime58 26*5 

60 



Ditto in seconds 3506*5 

Dim. of par. for lat. 48° — 6*3 



True hor. parallax 3500*2 



For the Apparent Altitude. 

Observed altitude of }) 's L. L. . 18° 8' 34' 

Depression . . — 4 17 

Semidiameter minus contraction . 15 57*0 



Apparent alt. })'§ centre 



18 20 14*9. 
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For the Parallax in Altitude. 

C08. D '8 app. alt. 18® 2(f W . 9*9773668 
hor. parallax 3500*2' log. . 3*5440929 



Par. in altitude 3322*5' 



3*5214597. 



For the true Altitude, 



Apparent alt. of ]) 's centre 
Refraction 
Barometer 
Thermometer . 



18°20'14*9' 
— 2 54*2 

— '8*8 
-f 1*4 



True alt. above sensible horizon 18 17 13*3 
Parallax in altitude 3322*5' = -^66 22*5 



True alt. of ]) 's centre 



19 12 35*8. 



These two examples will serve for specimens of the correctioDs to he 
applied to an observed altitude, in order to deduce from it the true alti- 
tude of the body's centre. In the case of the moon, the corrections, 
when the utmost accuracy is sought, are rather numerous, as the last 
example shows. But, in finding the latitude at sea, it is usual to dis- 
pense with some of these, more especially with the corrections for tem- 
perature, for the contraction of the moon's semidiameter, and for 
the spheroidal figure of the earth; because an error of a few seconds 
in the true altitude will introduce no error worth notice in the resulting 
latitude. When, however, the object of the observers is to deduce the 
longitude of the ship, all the data, furnished by observation, should be 
as accurate as possible ; for the problem is one of such delicacy that by 
neglecting to allow for the influence of temperature would alone intro- 
duce in some cases an error of from 30 to 40 miles in the longitude. 

When the object observed is a star, several of the foregoing correc- 
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tions vanish: the only corrections, in this case, requisite axe those for 
dip and refraction, modified as usual for the temperature. 

(78.) To determine the latitude at sea from the meridian altitude of 
any celestial object whose declination is known. 

The determination of the latitude, by a meridian altitude, is the 
easiest, and in general the safest, method of finding the ship's place on the 
meridian; for both the observations and the subsequent calculations 
being few, they are readily performed, and with but littie liability to error 
in the result; this method, therefore, is always to be used at sea, unless 
foggy or cloudy weather render it impracticable. 

The declination of the object observe is supposed to be given in 
the Nautical Almanack for the meridian of Greenwich; it may therefore 
be reduced to the meridian of the ship, by means of the longitude by 
account, which will always be sufficientiy accurate for this purpose, al- 
though it should differ very considerably from the true longitude, be- 
cause declination changes so slowly that even an error of an hour in the 
longitude would cause an error in the declination too small to deserve 
notice. 

Having then thus found the distance of the object from the equinoc- 
tial, and having, by means of the observed altitude properly corrected, 
obtained the distance of the same object firom the ship's zenith, the dis- 
tance of the zenith fix)m the equinoctial, that is, the latitude, immediately 
becomes known. 

1. Let S be the object observed, the zenith Z being to the nortii of it, 
and the object itself north of the equinoctial £Q, then the latitude £Z 
is equal to the zenith distance, or coaltitude ZS + the declination, and 
it is nortii. 

2. Let S' be the object, still north of the equinoctial, but so posited 
that the zenith is south of it, then the latitude £Z is equal to the dii- 
ference between the zenith distance S'Z, and declination S'£, and is still 
north. z ....< 

3. Let now the object be at S'', south of the j- 
equinoctial, and the zenith to the north of the ob- s"^ 
jeety then the latitude £Z is equal to the difference 
between the zenith distance S''Z and declination 
S^£, and it is north. 

We have here assumed the north to be the ele- 
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vated pole, but if the south be the elevated pole, then we must write 
south for north, and north for south. Hence the following rule for all 
cases. 

Call the zenith distance north or south, according as the zenith is 
north or south of the object. 

If the zenith distance and declination be of the same name, that is, 
both north or both south, their sum will be the latitude ; but, if of differ- 
ent names, their difference will be the latitude, of the same name as the 
greater. 

EXAMPLES. 

1. If on the 2d of May, 1833, the meridian altitude of the sun's 
lower limb be 47^ 18', height of the eye 20 feet, and longitude by ac- 
count 32° £.: required the latitude, the sun being south at the time of 
observation. • 

Observed alt. of 0'8 L. L. . 47*18' C 

Dip. of the horizon . . — 4 17 



App. alt. of 0's L. L. . 46 13 43. 

Tlie longitude in time is 2* 8*" east, so that time at Greenwich is 2* 
8" before the noon of the 2d of May; hence, to find the corresponding 
declination, we have, by the Nautical Almanack, 

24*:2*8»:: 18' 1": 1'38'; 

so that, V 38", tiie variation in 2* 8"*, must be subtracted from 15° 23' 
21" N., the declination of the sun on May 2, at noon; hence the proper 
declination is 15° 21' 43" N. 
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Obserred alt. of 0'8 L. L. 


47° 18' 0' 


Dip. 


— 4 IT 


App. alt. of 0'8 L. L. 


46 13 43 


Refraction 


— 56 


Parallax 


. + 6 


Semidiam. (Naut. Aim.) 


J5 53 


True alt of Q'a centre 


46 28 46 


2Senlth distance 


43 31 14 N. 


0'i declination . ' . 


15 21 43 N. 


Latitude 


58 52 57 N. 



2. On the first of January, 1820, the meridian altitude of Capella 
lyas 27° 35', the zenith being south of the star, and Ihe height of the eye 
22 feet; required the latitude. 

Observed altitude . 27° 35' 0' 
Dip. . . — 4 30 



Apparent altitude . 27 30 30 
RefractioQ . — 1 51 



True altitude . 27 28 39 

Zenith distance 62 31 21 S. 

Star'sdec.(Naut.Alm.)45 48 39 N. 



Latitude . 16 42 42 S. 



3. On the 19th of February, 1823, the ship being in longitude 40° 
W., the obserred meridian altitude of the moon's lower limb was 55° 
6'; the zenith north of the moon; and the height of the eye 16 feet: 
required the latitude. 

Here the time of observation at the ship is not given, it must there- 
fore be calculated, and we have these data for this purpose, viz. that the 
ship is 40° W. of Greenwich, and that the moon is on its meridian. 
The following process therefore immediately suggests itself. 

p2 
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The moon paMed the merid. of Groenwich Feb. 19 (Nant Aim.) 0^56^ 0* 

. Feb.20 . 7 59 



Interval between the two passages . 24 -|- 1 3 0. 

Hence l>k 3"* is the moon's retardation in 25k 3*, and, by proportion 
using for the longitude 40° W., its value in time 2* 40*, we have, 

25*3"»: l*3"»::2*40«:0»e»42*5 

that is, the moon is retarded G*" 42' in passing from the meridian of 
Greenwich to that of the ship^ and, therefore, instead of the apparent 
time at the ship being 6* 56*, as it necessarily would be if there were 
no retardation, it will be 6* 42' later. Hence 

Apparent time at the ship . 7* 2* 42* 
Ship's longitude W. . 2 40 

Time at Greenwich . 9 42 42. 



Having thus got the apparent time at Greenwich when the oboenra- 
tion was made, we may, by a reference to the Nautical Almanack and 
a subsequent proportion, find the moon's declination at that time: ibns 

Moon's declination at Greenwich, Feb. 19 at noon 26^38' 17' 

Feb. 19 at midn. 26 54 39 



Change of declination in 12 hours . . 10 22. 

.-. 12* : 9* 42* 42* : : 16' 22" : 13' 15" ; 

hence 13^15" is the amount of the change of declination, from noon to 
9* 43*, on the supposition, however, that the motion of the moon in 
declination may be considered as equable during the twelve hours. But 
on account of the irregular motion of the moon, this supposition intro- 
duces a sensible error, which may however be corrected by means of the 
table of ^'Equation of second Differences," given in the Nautical Alma- 
nack, and explained in Dr. Maskelyne's accompanying ^Explanatioo.^' 
The correct change of declination is thus found to be 14' 1 6". But from 
the year 1833, the declination of llie moon will be given in the Nautical 



NAUTICAL ASTRONOMY. 163 

Almanack to eveiy three hours, and the change for any shorter interval 
may then he obtained with the requisite accuracy by proportion, as 
above. Taking in the present case 14' 16" for the correct change, we 
have 

Declination for preceding noon . 26^38' 17' N. 

Increase of Declination . 14 16 



Declin. at the time of observation . 26 62 33 N. 



Before we can find the proper correction for parallax, we must deduce 
the apparent altitude of the centre, 



Observed altitude of }) 's L. L. 


• 


66° 6' 0' 


Dip. 




— 3 60 


Semidiameter (Naut. Aim.) 


• 


16 13 


Augmentation for 66^ of alt. 


• 


13 


Apparent alt. of ]> 's centre 


66 18 36 cos. 9-7552161 


Hor. par. in seconds at 9* 43** (Naut. 


Aim.) 


3572 log. 3'5529IIi 


Parallax in altitude in seconds 


. 


2033 log. 3-3081276 



therefore the correction for parallax is 33' 53'. 

Having thus reduced all the corrections to the time of observation, 
we readily obtain the true altitude, and thence the latitude as follows. 

Apparent alt. of D 's centre . 55° 48' 36" 
Refraction . . — 40 

Parallax in altitude . 33 53 



True altitude . 66 51 49 



Zenith distance 34 8 UN. 

Declination . . 26 52 33 N. 



Latitude . 61 44N. 
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SCHOLIUM. 

These examples will, no doubt, be found sufficient to put the student 
in possession of the method of applying the various corrections to the 
observed meridian altitude of a celestial object, in order to deduce fiom 
it the latitude of the ship. But it should be remaiked, that in most 
works on Nautical Astronomy, subsidiary tables are inserted for the 
purpose of abridging some of the foregoing corrective operations; sudi 
tables, therefore, offer very acceptable aid to the practical navigator. 
The most esteemed works of this kind are Dr. Mackay's '^ Treatise on 
the Theory and Practice of finding the Longitude at Sea''; the ^'Nau- 
tical Tables'' of J. De Mendoza Bios, and Mr. Riddle's book on Navi- 
gation and Nautical Astronomy. 

It should also be observed here, that in the preceding examples the 
celestial object is supposed to be on the meridian above the pole; that 
is, to be higher than the elevated pole. But, if a meridian altitude be 
taken below the pole, which may be done if the object is circwnpolar, 
or so near to the elevated pole as to perform its apparent daily revolution 
about it without passing below the horizon, then the latitude of the place 
will be equal to the sum of the true altitude, and the codeclination or 
polar distance of the object; for this sum will obviously measure tiie 
elevation of the pole above the horizon^ which is equal to the lati- 
tude. 

(79.) To determine the latitude at sea, by means of two altUudet of 
the sun, and the time between the observations. 

In the preceding article we have shewn how to determine the latitude 
of the ship by the meridian altitude of the sun, or of any other heavenly 
body, whose declination may be found. But, as already remarked, the 
object we wish to observe may be obscured when it comes to the meri- 
dian, and this may happen for many days together, although it may be 
firequently visible at other times of the day. As therefore the opportu- 
nity for a meridian observation cannot be depended upon, it becomes 
an important problem to determine the latitude at sea, by observations 
made out of the meridian; and considerable attention has accordingly 
been paid, by scientific persons, to the method of finding the latitude by 
^^ double altitudes," and various tables b^^^been computed to &cihtate 
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the operation. But the direct method, hy spherical trigonometry, though 
rather long, involving three spherical triangles, will he more readily re- 
membered, and more easily applied by persons ^miliar with the rules 
and formulas of Trigonometry, than any indirect or approximative pro- 
cess; we shall therefore explain the direct method. 

Let P be the elevated pole, Z the zenith of the 
ship, and S, S', the two places of the sun, when 
the altitudes are taken. Then, drawing the great 
circle arcs as in the figure, we shall have these 
given quantities, viz. the codeclinations PS, PS' ; 
the coaltitudes ZS, ZS', and the hour angle SPS', 
m^iich measures the interval between the observa- 
tions; and the quantity sought is the colatitude ZP. Now, in the tri- 
angle PSS', we have given two sides and the included angle to find the 
third side SS', and one of the remaining angles, say the angle PSS\ 
In the triangle ZSS' we have given the three sides to find the angle 
S'SZ; having then the angles PSS^ S'SZ, the angle ZSP becomes 
known, so that we have, lastly, two sides and the included angle in the 
triangle ZSP, to find the third side ZP. 

Before the application of the trigonometrical process, the observed 
altitudes must, of course, be reduced to the true altitudes, as in the pre* 
ceding examples. Moreover, as the ship most probably sails during 
the interval of the observation, an additional reduction becomes neces- 
sary ; the first altitude must be reduced to what it would have been 
if taken at the place where the second was taken : this correction will be 
known if we know the number of minutes the ship has sailed directly 
towards or directly firom the sun, upon leaving the place where the first 
observation was made. To find this, take the angle included between 
the ship's course and the sun's bearing, at the first observation; and con- 
sidering this angle as a course, and the distance sailed as the corres- 
ponding distance, find by the traverse table, or by the operation of plane 
sailing, the difierence of latitude, which will be the amount of the ap- 
proach to, or departure from, the sun. This must be added to the first 
altitude if the angle is less than 90°, because the ship will have approached 
towards the sun ; but it must be subtracted when the angle exceeds 90^. 
If the angle is 90° no correction for the ship's change of place will be 
necessary. 
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Hie truth of this correction will be immediately seen by considering 
thai if the sun's centre were the elevated pole, what is in reality the co- 
altitude would then be the colatitude, and, therefore, that, by whatever 
quantity this latter is increased or diminished by the ship's motion, on 
the one hypothesis, by the same quantity will the former be increased 
or diminished on the other hypothesis. 

Where great accuracy is aimed at, account should be taken of the 
ship's change of longitude during the interval of the observations; when 
converted into time it must be added to the interval of time between 
the observations when the ship has sailed eastward, and subtracted 
when she has sailed westward. This correction is very easily applied. 

Having thus mentioned the necessary preparative corrections, we 
shall new give an example of the trigonometrical operation. 



EXAMPLES. 

Let the two zenith distances corrected be (see last fig.) ZSzsTS*' 54' 
13", ZS' = 47^42' 51", the corresponding declinations 8° 18' and 8« 15' 
north, and the interval of time three hours ; to determine the latitude. 

Considering SS' to be the base of an isosceles spherical triangle, of 

which one of the equal sides is i(PS + PS') = Bi<> 43' 30", and the 

vertical angle equal to 3* or 45**, let the perpendicular PM be drawn, 

then we have in the triangle PMS right angled at M, PS = 81^ 43' 30", 

45° 
and P = = 22® 30'; given to find SM = i SS' as follows. 

I. To find SS'/rom the triangle PMS. 

sin. PS 81°43'30" . . 9«9954547 

. sin. P 22 30 . . 9-5828397 



sin. SM 22 15 11-3 . . 9*5782944 

2 



SS' = 44 30 22-6. 
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II. To find PSS'/rom the triangle PSS'. 

sin. SS' 44° 30' 22*6" . arith. comp. 0-1542898 

sin. PS' 81 45 . . 9-9954822 

sin. SPS' 45 . . 9-8494850 



sin. PSS' 86 38 58 . . 9*9992570. 



This angle is acute like its opposite side, (see art 60.) 

III. To find ZSS' in the triangle ZSS'. ' 

ZS' 47° 45' 51" 
sin. ZS 73 54 13 . arith. comp. O-Ol 73686 
sin. SS' 44 30 22-6 arith. comp. 0*1542898 

2)166 10 26*6 



i Sum = 83 5 13-3 
sin.CiSmn — ZS) 9 11 0-3 . . 9-2030206 

sin. a Sum — SSO 38 34 50-7 . 9-7949179 

2) 19-1695969 



sin. I ZSS' 22 36 26-4 . . 9-5847985 



.-. ZSS' = 45° 12' 52-8' 
PSS' s= 86 38 58 



PSZ =s 41 26 6»2, 




. PS . 9'1591354 
. Ill, at. conip. -7iR95Al 

1847, Bin.{Qi + ZS) e-9e82S74 

sln.48''49'aB-7'' . 9-8766779 



1 Si 5 



Eeace the latitude is 4S° 50'. 

a. The two corrected altitudes are 42° 14' and 16° S' 47", thecones- 
poading decUnntions S" 16' 30" and 8° 15', and the time between the 
)ri»ervalions 3 hours; required tlie latitude of the place. 

The ItttitudB is 4S°64' BT N. 

Upon the same principles may the latitude be determined from the 
altitudes of two Axed stars, taken at the same time; in this case S, S't 
J) the preceding figure, will represent the two stars ; PS,FS', their krHinn 
polar distances, and the angle SPS', the dilTereuce of their right aacen- 
Cions; the same quantities are therefore given as in the case of the sun, 
but, as in the case of two stars PS, PS', may diifer very coiuiderably; 
8S' caiiaot be coosidered us the base of an isosceles triangle, but rouil 
be computed from the other two sides and Iheur included at^Ie. In 
the Nautical Almanack for 182S Dr. Brinkley has c(KnputedfaTlEI32, 
and tabulated, the distances SS' for ceriain pairs of stars, convenknt^ 
^ lituated for observation, and has annexed the change of dislimce mk- 
icsponding to 10 years. The same tible shows aiao the difTeience of 
right ascension for each pair of stars, with the change in 10 yean; « 
that by help of this table (he computation for finding the latitude ftom 
ihe simultaneous altitudes of two fixed stars becomes conaidetsbly 
abridged. 

For other methods of determining the latitude, the student may cod- 
■ult "Mackay on tlie Ixiugitude," vol. i., and Captain Kater's Nautical 
Ailronomy, in the Ency. MettopoLtana, &c. 
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On finding the Longitude hy the Lunar Observations, 

(80.) There are several astronomical methods of determining the lon- 
gitude of a place which cannot be accurately employed at sea, on account 
of the great difficulty of managing a telescope on shipboard ; we shall not, 
therefore, enter here into any explanation of these methods, but shall 
confine ourselves to the lunar method of determining the longitude, 
which is justly regarded as the principal problem in Nautical Astronomy. 
Before entering upon the solution of this problem it will be necessary 
to make a few introductory remarks. 

The determination of the longitude of a place always requires the 
solution of these to problems, viz. 1st, to determine the time at 
the place at any instant; and, 2d, to determine the time at the first 
meridian, at the same instant ; for the difiference of the times converted 
into degrees^ at the rate of 15^ to an hour, will obviously give the lon- 
gitude. 

When the latitude of the place is known, (and it may be found by 
the methods already explained,) the time may be computed from the 
altitude of any celestial object whose declination is known; for the co- 
altitude, codeclination, and colatitude, will be three sides of a spherical 
triangle given to find the hour angle, comprised between the codeclina- 
tioa and the colatitude. But to find the time at Greenwich requires 
the aid of additional data, besides those furnished by observations made 
at the place. The Greenwich time may, indeed, be obtained at once, 
independently of any observations at the place, by means of a chronome- 
ter, carefully regulated to Greenwich time, provided it be subject to no 
iitegularities af^er having been once properly adjusted. A ship furnished 
with such a timepiece always carries the Greenwich time vdth her,* 



* As chronometers show mean time, the equation of time must be ap' 
plied to obtain the apparent tune at Greenwich. 

Q 
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and the longitude then becomes reduced to the problem of finding 
the time at the place. Chronometers are now brought to such a state 
of perfection that very great dependence can be placed on them, and 
they are accordm^y always taken out on long voyages for the purpose 
of showing the Greenwich time, and are thus of great use to the mariner. 
Still, however, as the most perfect contrivance of human art is subject 
to accident, and the more delicate the machine the more liable is it to 
disarrangement, irom causes which we may not be able to coatrol, it 
becomes highly desirable, in so important 9 matter as finding the place 
of a ship at sea, to be possessed of methods altx>gether beyood tiie m- 
Auence of terrestial vicissitudes^ and such nokethodsthecelestia) motions 
alone can supply. 

The angular motion of the moon in her orbit is more rapid ihan that 
of any other celestial body, and sufficiently great to render the portion 
of its path passed over in so sliort a time as two or three seconds^ a 
measurable quantity even with a small portable instrumeal (the sexr 
tant). 

It is obvious, therefore, that if the distance oi th» moon's e«Bti» fren 
any celestial body, in or near her path, be computed for any G^eei^ 
wich time, and this distance be fo«md the same as that gives by actual 
observation at any place, then the difference between the time of observi- 
ing the phenomenon and the time at Greenwich, when it was predicted 
to happen, will give the longitude of the place of obsewataon. Now in 
the Nautical Almanack the distances of the moon fix>iii the sun, and fron 
several of the fixed stars near her path, are given for every three hours of 
apparent Greenwich tune, and for several years te come; and the 
Greenwich time, c(m«sponding to any intermediate distance, is obtain- 
able by simple proportion with all requisite accuracy ; sa ihsii by means 
of the Nautical Almanack we may always determine the time at Green- 
wick when any distance observed at sea was takeii. 

The distances inserted in the Nautical Almanack asetlie true angular 
distances between the centres of the bodies, the observer being consi- 
dered as at the centre of the earth, and to the true distance therefore every 
observed distance must be reduced; it is this reduction which consti- 
tutes the trigonometrical difficulties of the problem; and it consists in 
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Clearing the lunar distance from the effects of parallax and refraction; 
how to do this it is now our busioess to explain. 

Let my s, be the observed places of the moon 
ttid sun, or of the moon and a fixed star, and 
let M, S, be their true places. M will be 
above m^ because the moon is depressed by 
parallax more than it is elevated by refraction; 
but S will be below s, because the i^n is more 
elevated by refraction than it is depressed by m.1 
parallax. Observation gives the apparent dis- *'''' 
tance ms, and the appamit zenith distances Zm, Zs: by applying the 
proper corrections to these latter we also deduce the true zenith distances 
ZM, ZS,and with these data we are to determine the true distance, MS, 
by oomputation. 

Put d for tbe apparent distance. 
D true distance. 

a, a' apparent altitudes. 

A, A' true altitudes. 

Then ill the triangle MZS, we have, 

„ cos. D — sin. A sin. A' 

Cos.Zsa— ; 

cos. A cos. A 

and in the triangle mZs, 

„ cos. d — sin. a sin. a' 

COS. Z = ■; ; 

cos. a cos. <r 

hence, for the determination of D, we have &is equation, viz. 

cos. D — sin. A sin. A' cos. d — sin. a sin. a' 
cos. A cos. A' cos. a cos. a' ' 

from which we immediately get 
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-, , , , • /\ C08.AC08. A' 

COS. D =: (cos. a — sin. a sm. a ) ■. -r + sm. A siii. A 

COS. a COS. a' 

cos.rf+cos.(a4-a') — cos.ocos.o' . ^ . . * . ., 

= ; COS. A cos. A' + sm. Asm. A' 

COS. a cos. a ' 



2 cos. i (a + ff'-i-rf)co8. J(a4-fl''^<^)cos. Acos.A 

cos.(A+A').(I) 



COS. a COS. a' 



,2co8.i(a+fl +^)co8.J(a-|-«''^e/)co8.Acos.A' . 

= { ; > . , ./v l}cos.(A4-A'); 

* COS. a COS. a cos. (A + A ) * ^ i » 

or calling the first term within the brackets 2 cos.*F, 

cos.D=(2co8.«F — l)cos.(A + A') = co3.2Fcos.(A+ A') . . (2). 

The formulas marked (1) and (2) are both of them convenient fcnr the 
computation of D; a third formula may be obtained firom(l), as follows. 
Subtract each side of (1) from 1 ; then since (p. 55^ 

1— cos.D=2sin.«iD, 1 + cos. (A + A') = 2 cos.' |KA + A'), 
we have, after dividing by 2, 



• ^1T^ 31/A LA'\ co8-Kg+tt'+ <^)co8.i(a-i-a^ >^ rf) cos. A COS. A^ 
sin.'iD=cos.'J(A+A ) 



COS. a COS. a' 



-COS. KA+A ;il ^8.acos.a'cos.»i(A+A') ^^ 

or, calling the second term within the brackets sin.*0, 

• sln.« JD = cos.2i(A + A')co8.*0 

.*. sin. i D = COS. i (A + A') cos. . . . . (3). 

This latter is Borda^s formula. 
We shall solve an example by each of these formulas. 
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EXAMPLES. 

1 . Suppose the apparent distance between the centres of the sun and 
moon to be 83® 6T 33'', the apparent altitude of the moon's centre 27° 
34' 5", the apparent altitude of the sun's centre 48° 27' 32", the true 
altitude of the moon's centre 28° 20' 48", and the true altitude of the 
sun's centre 48° 26' 49^; then we have 

d = 83«> 57' 33", a = 27° 34' 6", o' = 48° 27' 32* 
A = 28° 20' 48", A' = 48° 26' 49" ; 

and the computation for D, by the first formula, is as follows: 

d 8.3° 57' 33" 

a 27 34 5 . comp. cos. 0523390 



a 48 27 32 



2) 159 59 10 



\ sum 79 59 35 

^svjsi'^d 3 57 58 

A 28 20 48 

A' 48 26 49 



comp. cos* 1783835 



log. 2 



3010300 



cos. 9*2399686 
cos. 9*9989587 
cos. 9*9445275 
cos. 9*8217187 



(Reject 40 from index) 1*5369260 rsi log. -344292] -f 



A -f A' 76 47 37 



nat. cos. '2284595 ^ 



True distance 83° 20' 54 



O Oft* t^" 



. nat. COS. *1 158326. 



By glancing at the formula (1), we see that 30 must be rejected firom 
the sum of the above column of logarithms, so that the logarithmic line 
resulting from the pnocess is 9*5369260. Now, as in the table of log. 
sines> log. cosines, &c., the radios is supposed to be 10**, of which the 
log. is 10, and, in the table of natural sines, cosines, &c.> the rad. is 1> 

q2 
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of which the log. is 0; it follows that when we wish to find, by help 
of a table of the logarithms of numbers, the natural trigonometrical line 
corresponding to any logarithmic one, we must diminish this latter by 
10, and enter the table with the remainder. Hence the sum of the 
foregoing column of logarithms must be diminished by 40, and the 
remainder will be truly the logarithm of the natural number repre- 
sented by the first term in the second member of the equation (1). If 
this natural number be less than nat. cos. (A -j- A'), which is to be 
subtracted from it, the remainder will be negatiye, in which case D 
will be obtuse. 

By the second formula the process is as follows: 

d 83° 67' 33" 

a 27 34 5 . comp. cos. 0*0523390 

a' 48 27 32 . comp. cos. 0*178383^ 



2) 159 59 10 



^ sum 79 59 35 . cos. 9*2399686 

I sum ^d ^ 61 5% . . COS. 9*9989587 

A 28 20 48 . cos. 9*9445275 

A' 48 26 49 . . cos. 9*8217187 

A + A' 76 47 37 comp. cos. 0-6411909 



2) 19*8770869 



F 29 46 3 . . cos. 9*9385434 



2 F 59 32 6 . cos. 9*7050182 + 



True distance 83° 20' 54'' cos. 9*0638273. 



In adding up the logarithms to find cos.^F, 20 must be Ejected 
from the index; and the logarithm marked — , is to be subtracted fiom 
that marked +. Moreover, if A -|- A' and 2F are both acute or both 
obtuse, D will be acute, otherwise it will be obtuse. 
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We shall now exhibit the process by Borda's formula, 

d 83° 67' 33" 

a 27 35 5 . comp. cos. 0*0523390 

a 48 27 32 • . comp. cos. 0*1783835 



2)159 59 10 

\ sum 79 59 35 . cos. 9*2399686 

\ sum '^ rf 3 57 58 . . cos. 9*9989587 

A 28 20 48 . COS. 9*9445275 

A' 48 26 49 . . cos. 9*8217187 



A + A' 76 47 37 2)39*2358960 

19*6179480 
i (A + A') 38 23 48i . cos. 9-8941654 + 

Q 31 57 53} . . sin. 9*7237826 

Q . . COS. 9*9285870 4- 



^ D 41 40 27 . . sin. 9*8227524 

.*. D = 83 20 54, the trae distance. 

An estimate may now be formed of the relative advantages of these 
three methods, as regards practical facility. We are inclined to«prefer 
the first method, which we believe is new, as fewer references to the 
tables are requisite, and as moreover there are no arithmetical operations 
required, besides those which are actually exhibited. The second and 
third methods seem to offer nearly equal advantages; in the first of 
these, however, it may be observed that the trigonometrical lines in- 
volved are all of one name, viz. cosines, and that the final reference to 
the tables gives the true distance instead of its half, as in the last 
method. 

Each of the foregoing processses may be shortened by using a 

subsidiary table, containing the various values of the expression 

cos. A COS. A' ^ , , , 

7. Such a table computed to every degree of the moon's 

COS. a COS. a 
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apparent altitude, and to every 10 seconds of her horizontal parallai, 
forms Table ix. of the Requisite Tables, published by order of the 
Commissioners of Longitude, fiut a more complete table of this kind 
is given in the second volume of Dr. Mackay*s work, on the Longitude. 
If each number in this table were increased by the constant number 
'3010300, the table itself would become somewhat simplified, and the 
process of clearing the distance by our first method would be rendered 
remarkably short and convenient. 

The preceding example is taken firom Woodhouse's Astronomy, part 
II., p. 859, where the day of observation is stated to be June 5, 1793. 
Now by the Nautical Almanack, for that year, we have 

Distance at 15* 83° 6' 1', Also at time of observation D = 83°20' 65' 
at 18* 84 28 26 at i6f^ D = 83 6 1 



Increase in 3* I 22 25, Increase between i6h and time of obs. 14 54 

... 1022'25" : 14' 54" : ; 3* : 32»33*. 

Hence, when the- observation was made, the apparent time at Green- 
wich was 15* 32* 33'. 

To find the time at ^e ship, requires that we know the latitude of 
the place and the sun's declination. The former, therefore, must have 
been previously ascertained, and the latter may now be found by means 
of the apparent Greenwich time just deduced, and the Nautical Alma- 
nack. We shall suppose the latitude to be 10° 16' 40^ S.; the sun's 
declination will be 23° 22' 28", and taking the true altitude of the fUi 
=: 48° 46' 49", we shall thus have, in order to find the time, &ree 
sides of a spherical triangle to find an angle. The eomputatiOD is « 
follows. 
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coalt. 41°33'n" 
sin. colat. 79 43 20 arith. comp. 0*0070251 
sin. sun's polar dist. 113 22 48 arith. comp. 0*0372078 



2)234 39 19 





117 19 39*5 


sin. 


37 36 


19*5 


sin. 


3 56 51*5 


sin. 


12 27 


17i 
2 



9*7854864 
8*8378712 

2)18*6675905 

9*3337902 



Hour angle = 24 54 35 = I* 39'» 38*3* in time. 



Time at Greenwick 15 32 33 



h*iniimey reckoning westward. 13 52 54*7. 

Or, subtracting this from 24 hours, we have 10* 7"» 4* 3*, for the longi- 
tude east, in time, and therefore the longitude in degrees is 151° 46' 
4i"E. 

2. Given the apparent altitude of the moon's centre 8° 26' 13", the 
true altitude 9° 20' 45', the apparent altitude of a star 35° 40', the true 
altitude 35° 38' 49", and their apparent distance 31° 13' 26'; to deter- 
mine the true distance. 

The true distance is 30° 23' 56". 

Those who are desirous of entering more at large into the problem 
of the Longitude, and of becoming acquainted with the best methods 
of shortening the computation by the aid of subsidiary tables, may ad- 
vantageously consult, besides the works already referred to, the Quarto 
Tables of J. De Mendoza Rios, Lynn's Navigation Tables, Captain 
Kater^s Treatise on Nautical Astronomy, in the Encyclopaedia Metro- 
politana, Kerrigan's Navigator's Guide and Nautical Tables, and Dr. 
Myers's translation of Rossel on the Longitude. 



178 PLANE AND SPHERICAL TaiGONOMETRT* 



Variation of the Compau* 

(81 .) We shall conclude this part of our subject by briefly considering 
the methods of finding the variation of the compass^ or the quantity by 
which the north point, as shown by the compass, yaries easterly or west- 
erly from the true north point of the horizon. 

The solution of this problem merely requires that we find by com- 
putation, or by some means independent of the compass, the hearing 
of a celestial object, that we observe the bearing by the compass, and 
then take the difference of the two. The problem resolves itself, there- 
fore, into two cases, the object whose bearing is sought being either in 
the horizon or above it: in the one case we have to compute its amp/t- 
tude, and in the other its azimuth. 

The computation of the amplitude is simply determining the hypote- 
nuse of a right-angled triangle, of which one side is given, viz. the de- 
clination of the object, as also the angle opposite to it, viz. the colatitude. 
The computation of the azimuth requires the solution of an oblique 
spherical triangle, the three sides being given to find an angle; the three 
given sides are the colatitude ; the zenith distance of the object and its 
polar distance : and the azimuth being measured by the angle at the 
zenith opposite the polar distance, this is the angle sought. We shall 
give an example in each of these cases of the problem. 



EXAMPLES. 

1. In January 1830, at latitude 27° 36' N., the rising amplitude of 
Aldebaran was, by the compass* E. 23° ZQf N. ; required the variation. 

By the Nautical Abnanack the decimation of Aldebaran is 16° 9' 
37" N., therefore since Rad. X sin. dec. = sin. amp. x oos« ^^ ^ 
computation is as follows. 



* The compass amplitude must be taken when the ai^orent altitude of 
the object is equal to the depression of the horizon. 
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«in. deelinatiQii 16'' ^37' 
COS. kitttiide 27 36 

■in. Amptituda £. 1» 18 17 N. . 
Magnetic Amptitade E. 23 30 N. 
Vamtion 5 11 43. 



9*4446587 
»^7d3d5 

9*4070292 



As the object is farther from the magnetic east than from the true 
east, the magnetic east has therefore advanced towards the south, and 
therefore the magnetic north towards the east ; hence the variation is 
5<»11'43'E. 

2. In latitude 48° 50' north, the true altitude of the sun's centre was 
22** 2', the declination at the time was 10° 12' S., and its magnetic 
bearing 161° 32' east. Required the variation. 

0's polar distance 100° 12' 
sin. zenith distance 67 58 arith. comp. 0*0329363 
sin. colatitade 41 10 arith. comp. 0*1816080 



2)209 20 

sin. ^ S 104 40 
sin. (^S — pel. dist.) 4 28 



cos. 69° 25' 40" 
2 

0's true azimuth N. 138 51 20 E. 
Observed azimuth N. 161 32 E. 



9*0856129 
8*8914200 

2)10*0015781 

0*5457805 



22 40 40 West. 



The variation is west, because the sun's observed distance from the 
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north, measured easterly, being greater than its trae distance, intimates 
that the north point of the compass has approached towards the west. 

3. In latitude 48° 20' north, the star Rigel was observed to set 9° 50' 
to the northward of the west point of the compass; required the varia- 
tion, the declination of Rigel being 8° 25' S. 

Variation 22° 33' West. 

4. In latitude 50° 12' north, when the sun's declination was 1 1° 28' 
53' N., its true altitude was found to be 37° 0' 16", and the observed 
azimuth S. 31° £.; required the variation of the compass. 

Variation 28° 2' Wwt. 



END OF PART III. 



PART IV. 



MISCELLANEOUS TRIGONOMETRICAL INQUIRIES. 

(82.) We now come to the final part of our subject, in which we pro- 
pose to bring together several miscellaneous particulars which properly 
come imder consideration in a treatise on Trigonometry. One or two of 
these, especially those which relate to certain compendious solutions of 
plane triangles, and to the trigonometrical lines of small arcs, might 
have been introduced much earlier, although we have preferred to post>- 
pone their consideration for a supplementary chapter, agreeing with 
Woodhouscy that it is better for the student first "to attend solely to the 
general solutions, and to postpone to a time of leisure and of acquired 
knowledge the consideration of the methods that are either more ex- 
peditious or are adapted to particular exigencies/' 



CBJLPTBB. Z. 

ON THE SOLUTIONS OF CERTAIN CASES OP PLANE 

TRIANGLES, AND ON DETERMINING THE TRI- 

GONOMETRICAL LINES OF SMALL ARCS. 

PROBLEM t. 

(83.) Given two sides and the included angle of a plane triangle, to 
determine the third side, without finding the remaining angles. 

The general expression for the side c, in terms of the two sides a, /;, 
and the included angle C, is (17), 

R 
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c» = a* + 6* — 2 aft COS. C 
= (a — i)« + 2 ab (1 — cos. C) 
= (a — 6)» + 2a6-2sin.«JC 

= (a-6)«{l+-^-M--8in.«iC}. 

Assume the secoDcl term within the brackets equal to tan.'d theo 

rad.' 

since 1 -|- tan.'0 = sec.'O = — -' we have 

COS. ' 9 

rad. 



COS. Q 

Hence c is determined by these two formulas^ viz. 

log. tan. 9 ^ log. 2 + J log. a + J log. h -|- log. sin. ^ C — log. (a — b) 
log. c = log. (a — 6) -|- 10 — log. cos. Q. 

EXAMPLE. 

Given a = 562, 6 = 320, and C = 128'' 4', to find c. 

log. 2 0*3010300 

i log. 562 1*3748681 

i log. 320 12525750 

log. sin. 64° 2' 0«9537833 

ar. comp. log. 242 7*6161846, log. 242 + 10 . .12*3838154 



log. tan. 10*4984410 .*. log. COS. © = 9*4807177 



log. c 800*01 . . 2*9030977, 
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PROBLEM II. 

Given the logarithms of two sides of a plane triangle^ as also the 

included angle^ to determine the remaining angles. 

Let log. Uy log. b, and C, be given. Suppose a greater than b, and 

a 
assume r -- = tan. 9; then tan. 9 being greater than 1, 9 will exceed 
b 

450. Also (19). 

a 
1 

tan. ^ ( A -— B ) = ^"7. cot. i C = cot. ^ C 

= !*°'nT! ^o*' 4 C = tan. (0 — 4«») cot. J C (p. 48). 

Hence, introducing the radius^ A — B is determined by these two 
formulas, viz. 

log. tan. = 10 -f log. a — log. b 
log. tan. i ( A — B) = log. tan. (9 — 46°) + log. cot. J C — 10. 
Thus, taking the example in last problem, we have 
10 + log. 562 . 12*7407363 
log. 320 . 2*5051500 

log. tan. . 10-2445863 .*. 9 = 60° 20' 35' 



... d — 45° = 15° 20' 35'. 
Again, 

log. tan. 15° 20' 35' 9*4383476 
log. eot. 64 2 . 0*6875402 



log. tan. J (A — B) 9*1258878 .*. i(A — B)= 7° 36' 40" 

i(A-fB) = 25 58 

A = 33 34 40 



B = ]8 21 20. 
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This method of determining the angles A and 6 will always be the 
shortest, when instead of the sides their logarithms are given. Thus 
the solution of problem x., p. 44, becomes mudi fecilitated by the 
application of this process. 



PROBLEM III. 

To determine the area of a plane triangle when any three parts 
except the three angles are given. 

1. Let two sides, b, c, and the included angle A, be given. (See fig. 
p. 16.) 

The area of the triangle is expressed by i AB'CD; but CD 
=: AC sin. A; hence the expression for the area, in terms of the given 
quantities, is 

Area ^^bc «in. A. 

2. Let two angles. A, 6, and the interjacent side c, be given. 
Then, since 

sin. C : sin. B :: c: b, 

we have 

sin. B , . . sin. A sin. B . 

b =: — : — TT- c .'. bcsia, A = : — — — tri 

sm. C am. C 

hence the expression for the area is 

. sin. A sin. B . 

Area = —--: — - — c*. 
2 sin. C 

3. Let the three sides be given. 
By art. (20), 



be 



cos. ^ A = N ^— ^- - 

be 



2 



.•.2sin.iAcos.iA,or(art.31)8in.A=— v^JS(iS— a)(JS— 6)(iS~c). 

be 

Consequently, by substituting this value of sin. A in the first ex- 
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pression, we have 

Area = V^S (iS — a)(iS — J)(iS — c)> 

which formula furnishes the well known rule, given in all books on 
mensuration, for the area of a triangle when the three sides are given. 
(See Geom. p. 202.) 

These expressions for the area of a plane triangle are all adapted to 
logarithmic computation. 



PROBLEM IV. 

To find the logarithmic sine of a very small arc. 

By article (30) the expression for the sine of any arc x is 

1-2-3 ^1 •2-3-4-5 ' 

Now as the length of an arc of one degree is •01745329, (see p. 54,) 
it is plain that, even when «r is so great as this, the third term of the 
above series can have no significant figure in the first ten places of 
decimals. 

Retaining therefore only the first two terms, we have, when .r is small, 

sin.x = x — ; — -— --=sx(l— -— — ) = x{l — -z- 4- - ^ ^ Isnearly; 
1'2*3 ^ 2*3' ^ 2 ' 2'3*4' "^ ' 

that is, (p. 53y) 

sin. f =: a? cos.s x ; 

hence, by introducing the radius, 

log. sin. X = log. ff — 1(10 — log. cos. x) .... (1). 

Let the arc 9 contain n seconds, then 

* "" 180 X 60 X 60 ' 

hence, by introducing the radius, 

R 2 
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log. * = log. n -h log. 314169, <fec. -|- 10 — log. 180 x 60* 
= log. n +4*6865749; 

therefore, from (1), 

log. sin. X = log. n + 4*6855749 — \ arith. comp. log. cos. x . . . . (2); 

hence this rule. To the logarithm of the arc reduced into seconds, 
with the decimal annexed, add the constant quantity 4*6855749, and 
firom the sum subtract one third of the arithmetical complement of the 
log. cosine; the remainder will be the logarithmic sine of the given arc. 
This rule will determine the log. sine of a very small arc vnth great 
accuracy; it was first given, without demonstration, by Dr. Maskelyne, 
in his Introduction to Taylor's Logarithms. The above pnx^ is firem 
Woodhouse's Trigonometry. 

PROBLEM V. 

To find the logaiithmic tangent of a very small arc. 

Let jT be the arc; then, as we have found in last problem. 



sm 



1 sin. X . 
. ^xcos.3 X ••• =:tan. x^ 



*^°^* * COS.* X ' 

Hence, introducing the radius, 

log. tan. X := logr X 4* i ( *6 — log. cos. x). 

The second member of this equation is equal to the second member 
of (1) in last problem, plus the arithmetical complement of log. cos. i; 
hence, since the second member of (2) is equivalent to the second 
member of (1), we have 

log. tan. xss log. n + 4*6855749 -|- farith.comp.log. cos. X .... (3); 

which furnishes this rule. To the logarithm of the arc leduced to 
seconds add the constant quantity 4*6855749, and two thirds of the 
arithmetical complement of the log. cosine, the sum is the log. tangent 
of the given arc. 
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PROBLEM V. 

To find a small arc from its log. sine or its log. tangent. ' 

1. Let the log. sine be given; then n being the number of seconds 
in the arc, the expression (2), in problem iv.^ gives 

log. n = log. sin. x — 4*6855749 -f- i arith. comp. log. cos. x 

=: log. sin. X -j- 5*3144251 — 10 -}- J arith. comp. log. cos. x; 

therefore, to find the arc from the log. sine the rule is this. To the 
log. sine of the small arc add 5*3144251, and | of the arithmetical com- 
plement of the log. cosine; subtract 10 from the index of the sum, and 
the remainder vfill be the logarithm of the number of seconds in the 
arc. 

2. Let the log. tangent be given; then from the expression (3), last 
problem, we have 

log. n = log. tan. x — 4 '6855749 — } arith. comp. log. cos. x 

= log. tan. X + 5*3144251 — 10 — } arith. compt log. cos. x ; 

that is, to the log. tangent of the small arc add 5*3144251, and from 
the sum subtract J of the arithmetical complement of the log. cosine, 
take 10 from the index of the remainder, and we shall have the 
logarithm of the number of seconds in the arc. 

Let us now apply each of the foregoing rules to an example. 

1. Required the log. sine of 1' 4'8754". 

By the rule in problem iv. the process is as follows: 



log. 64*8754 


1-8120801 


Constant No. 


4*6855740 




6*4076550 


J arith. comp. log. cos. 





log. sin. r 4*8754" 


6*4976550. 
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By the tables the log. sine is found as follows: 

log. sin. r 5" 6-4984882 

log. sin. r 4" . 6'4917548 



Difference . '0067334 



.-. log. sin. 1' 4-8764' = 6-4917548 -f- -8754 X '0067334 

= 6-4976489. 

2. Required the log. tangent of 7' 2-38". 



Bi/ the Rule in 

log. 422-38 
Constant No. . 
1 arith. comp. log. cos. 


Problem V. 

2-6257033 
4«6855749 



log. tan. 7' 2-38' 


7-3112782. 



% the Tables. 

log. tan. 7' 3' . 7«3119168 

log. tan. 7 2 . 7-3108879 



-0010279 



.-. log. tan. 7' 2-38' = 7-3108879 -f- -38 x -0010279 

r= 7-3112785. 

3. Required the arc whose log. sine is 6'4976550. 
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By the Rulcy Problem V. 
log. sine . 6*4976550 

Constant No. . 5-3144251 
} arith. comp. . 



log. 64*8754 . 1*8120801 



.*. the arc is 1' 4*8754^ 

% the Tables. 

The proposed log. sine lies between log. sine V 4" and log. sine 
l' 5"y and the difference between these logs, is '0067334; also ^e dif- 
ference between the proposed log. and log. sine 1' 4" is 59002; hence, 

50002 
required arc = 1'4' + -q^^ = l'4•876^ 

4. Required the arc whose log. tangent is 7*1644398. 

Bt/ the Rule. 
log. tan. . 7-1644398 

Constant No. . 5*3144251 
I arith. comp. — 3 



log. 301 -2067 . 2*4788646 



.*. the arc is 5' 1*2067". 

% the Tables. 

The proposed log. is between log. tan. 5' 1" and log. tan. 5' 2'; the 
difference of these logs, is '0014404, and the difference of the proposed 
and log. tan. 5' 1' is -0002981. 

2981 
/. the arc is 5' 1' + j^^- = 5' 1*2069". 
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CBAPTB& ZZ. 

INVESTIGATION OF EXPRESSIONS FOR THE SURFACE 

OF A SPHERICAL TRIANGLE, AND FOR THE 

SPHERICAL EXCESS. 

(84.) It has been already shown (36) that two great circles always 
intersect in two points at the distance of a semicircle from each other. 
The space thus included by two great circles is called a lune^ (see the 
fig. at page 66.) 

The sur&ce of a lune is to the sur^e of the whole sphere as the arc 
QQ', or as the angle P of the lune, is to the whole circumference IQHI. 
This is pretty obvious, but it may be rigorously proved in the same 
way as it is proved in plane Geometry, that in the same circle any 
sector is to the whole circle as its arc is to the circumference, (Geom. 
prob. 23, Book 6). Hence, if we call the sur&ce of the sphere S, 
and the angle of the lune a> degrees, the expression for its area will be 

; or if, instead of degrees, a> represent the absolute length of 



360 

those degrees to radius 1, then the expression may be written S— , 

where ^ stands for the iramber 3*14159, &c. 

It can be proved, although not by the elementary principles of 
Trigonometry, that the sur&ce of a sphere is equal to four times the 
area of one of its great circles ;* that is, r being the radius of the sphere 
S =: 4»rr*, so that the expression for the area of the lune is 2r*w. If 
we suppose r to be unity, the surface will be expressed by 2ia, that of 
the whole sphere being 49r. 



* See <' The Elements of the Integral Calculus," page 144. 
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PROBLEM I. 

To express the area of a spherical triangle in terms of its three angles. 

Let ABC be any spherical triangle, and produce the sides AC, BC, 
till they meet again in C, forming the lune CC 
The triangle CAB will be a portion of an oppo- 
site lune equal to the lune CC; and this portion 
will obviously be equal to the portion C'A'B', 
provided the arcs CA, CB, are equal to the arcs 
C'A', C'B'. Now AA' is equal to CC, each being 
a semicircle ; hence, taking from each the common 
part CA', we have CA =: C'A'. In like manner q 

CB = C'B', and, therefore, the triangles ABC, A'B'C, are equal. 
Hence the surface of the hemisphere, whose base is AB'A'B', is equal 
to the sum of the three lunes AA', BB', CC, minus twice the triangle 
ABC; that is, calling the surface of this triangle S. 

iS = 2r»(A + B + C) — 22 
.♦. 2 = r«(A + B-|-C) — iS = r«{(A-f- B-l-C) — tt}. 

where it must be observed that A, B, C, denote the lengths of the arcs 
which measure the angles of the proposed triangle to radius unity. 
But, if we take A, B, C, and tt in degrees, then since 

180° : 9r ; : A -h B + C — 180° : { A + B -|- C — 180°} -^ 

til i jgQO 

the expression for 2 will be 

S = r«{A-|-B + C-180°}j^ (1). 

If the radius of the sphere, on which the triangle is, be taken foir 
unity, then calling the area in this case «, we have 

. €=:A + B-|-C — 180° .... (2) ; 

which indicates that the area of a triangle, on the surface of a sphere^ 
whose radius is unity, is equal to the excess of its three angles above two 
right-angles. This quantity is technically called the spherical excess, 
and the theorem (2) is known by the name of Girard's theorem. 
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It follows from this proposition that two spherical triangles are equal 
in surface, if the angles of the one are severally equal to those of the 
other, or, indeed, if the sum of the angles of the one triangle is equal 
to the sum of the angles of the other. 



PROBLEM II. 

To express the area of a spherical triangle, or the spherical excess 
in terms of two sides, and the included angle. 

Calling as before the surface of the triangle to radius unity e, and, 
the sum of its three sides s, we have, by last problem, 

£ =: *— 180° .*. cot. — = — tan. * s. 

2 " 

But (27), 

and, by Napier's analogy, 

cos. i (a + 6) 
hence, by substitution, 

€ _ cos. ^ (g — d) cot ^ C + co8. Kg 4- ^) tan, j C ^ 
* "2^ cos. i (a — b) — cos. i (a -f- 6) ' 

or multiplying the numerator by 2 sin. iC cos. iC, and the denominator 
by its equal, sin. C, (equa. 18, p. 55,) 

c _ 2cos. H«— •^) cos.'^ C -{-2008,^ (a + ^)8in.« ^ C ^ 
T ■" cos. i (« — *) «i»- C — cos. ^{a + b) sin. C ' 

that is, by the formulas (1) and (2), page 46, 

c cos. ^ a cos. ib-\- sin. ^ a sin. I h (cos.' ^ C — sin.' \ C) 
*^ • "2^ sin. i a sin. \ b sin. C 

but, (from 19, p. 55,) 

COS.* i C — sin.* i C = cos. C ; 
hence 
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^ £ cot. i a cot. i 5 -{- COS. C 
cot. -r* = 



2 sin. C 



-cot. * a cot. i i . , , ^ ^ 

= { TT^ + 1} cot. C. 

"^ cos. C ' 

To adapt this expression to logarithmic computation suppose first 
that cos. C is positive, and that we assume 



then 



cot, i a cot, i b ^ j^ . 
COS. C 



cot. — = sec* cot. C ; 



,, , ^. . , .- cot. iacot. *t 

suppose, secondly, that cos. C is negative, then if =- is 

cos. C 

numerically less than radius, assume it equal to sin.' 9, and we shall 

have 

£ 

cot. — = cos.' 9 cot. C ; 

but if the same expression be numerically greater than radius, thien 
assume it equal to sec.'0, when we shall have 

cot. — - = tan.' 9 cot. C. 
2 

It may be remarked that, with the proposed data, the excess may be 
otherwise easily determined, by first finding, by the common formula, 
the third angle of the triangle, and then applying Girard's theorem. 



PROBLEM II r. 



To determine the spherical excess when the three sides are given. 
By formula 25, p. 57, 

. .. 1 +C08.a 1 + C08.6 14-cos.a-|-cos.A+co8.acos.^ 

cot. i a cot. ^ 6 =: —4 , — 4 — r— ^ ; : — 7 • 

sin. a sin. b sin. a sin. 6 

By formula (A), p. 74, 



194 TRIGONOMETRICAL INQUIRIES. 

^ COS. c — COS. a COS. b 

COS. C s= ■ — 

sin. a sin 6. 

By formulas (1), (2), p. 77, 

2sin.iCcos.|C=8in.C=-: — ^^-rN/8in.iSsln.(iS— a)8in.KS- *>in.(JS— c). 

sin.asin.6 

c 

Substituting these values in the expression for cot. — , last pro- 

dm 

blem, We have 

e 1 -f- COS. a -j- cos. 6 + cos. c ... 

cot. — = ■ .— — - =z . (2)- 

^ 2 v^ gin. i S sin. (i S — a) sin. ( i S — d) sin. ( 5 S — c) 

We may investigate another expression for the excess^ as foUows 
By the formulas (1), (2), page 77, 



,« sin.(JS — 6) sn.JSsin.aS — c) 

sin. i Acos. i B = ^ ^ -J — ^ . ^ )^ ^ 

sm. c sm. 6 sm. c 



, . sin. as — a) I sin.* Ssin. (*S — <?) 

sin. i B COS. i A = ^ i- N ^-ir^ -- 

^ sm. c sm. 6 sm. c 



By adding, 

. ^/A_.«^ sin. aS-^b)+ sin. (| S - a) __ , ^. 
sm.i(A + B) = 2sin.iccos.ic ^'^^' 

By subtracting, 

„, sin.(iS — 6) — 8in.(iS — fl) 
sin.i(A-B) = -Ai____^^- coB.iC. 

But by formula (27), page 58, 

sin. (i S — 6) + sin. (i S — a) = 2 sin. i c cos. I (a — b). 

sin. (i S — A) — sin. (^ S — a) = 2 cos. i c sin. i (a — 6). 
Hence, by substitution. 



cos. A (a — b) 

sin. i (A + B) = ^ ^-, ^ COS. i C 

" ^ cos, J c 

. 1 ,* 1JX sin. ^(^« b) , _ 

«in.J(A-B) = — ^ij^— co..iC. 

Proceeding in the same vray with the expressions for cos. i A cos.)B, 
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and sin. ^A sin. ^B, there results 

.. HA -B) = '"°- */" + *) Bi,.iC 

Sin. J c 



COS. 



1 / A I T^N COS. i (a -|- 6) . , ^ 

coi. J (A + B) = 2-1— i_<. sin. 4 C. 

COS. ic 

Now, since 

sin.4-=— cos.i(A+B-|-C)=«in.i(A-t-B)8in.iC— <J08.i(A-|-B)cos.JC, 

vre have, by substituting in the second member the first and last of the 
foregoing expressions, 

e sin. * a sin. \b , ^ 

sm. -— = = — ; — =— sm. C : 

2 cos. f c 

or substituting for sin. C its value, as exhibited in last problem, and 
xecollecting that (31) 

sin. a sin. 6 =i 4 sin. ^ a cos. ^ a sin. ^ b cos. ^ b, 
we have 

. c __ J sin, j S sin. (^ S ~ a) sin. (^ S — &) sin . (^ S — c) 
2 2 COS.. ^ a cos. ^ 6 cos. ^ c 

an expression adapted to logarithms. 

By combining the formulas (2) and (3) various others may be de- 
duced. Thus, by multiplying them together, we have 

c 1 + COS. a 4- cos. b 4- cos. c ,^ . 

COS. -- = — ; — ■ r— — 1 — ; .... (4). 

2 4 COS. ^ a COS. ^ b cos. ^c 

But, formula (20), page 55, 

COS. i a == n/^ -|- ^ COS. a, COS. ^6 = n/^ -)- } cos. 6, COS. Jc =: >/ j[ + i COS. r; 

hence, 

£ 1 4- COS. a 4- COS. 6 -f- COS. c ,^. 

COS. — = — ^— — .... (5). 

^ V 2 (1 + COS. a) (1 + COS. *) (1 -f- cos. c) 
Squaring this, 
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,6 (1 -|- COS. a -f coi. 6 + COS. c)' 

2 COS. — >:=: ' ■^ • 

2 (1 + C08.a) (1 + C08.6)(l + C08.C)' 

which, since cos. « = 2 cos.« — — 1, gives 

( 1 -f-co8.a-hco8.5+co8.c)* — ( 1 -j-cos.a) ( 1 -|-co8.6) ( 1 -|-cos.c) 

cos.€ — 7" (1 4- COS. a) (1 + COS. h) (1 + cos. c) ••^*^' 

also because 1 — cos. i ss vera. e> we may change this into 

1 — COS.* a — C OS. ' b — cos.*c-f-2co8.gcos. b cos. c 

▼ers. £ — ^^^ ^^^ a)(l+cos.*)(l+cos.c) ' * * ('^^' 

Lastly, by squaring the expression (3) and multiplying by 2, we have 

« . •« , _««. 8in.iS8in.(iS— a)sin.(iS— *)sln.(iS— c) 

The expression, marked (2), is due to De Gua^ as are those marked 
(4), (5), (6), and (7). The expression (3) is from Cagnoli, (Trigon. 
page 329.) 

Since 

« 1 — cos. ^c 

tan. — :^ = — • 

4 sin. I c 

we have, by combining the expressions (3) and (5), 

c 1— cos.'^a — cos.*|6 — co8.'4c + 2co8.iaco8.4&cos.^c 
ton. -— = J — _ » » » 

* V sin. i S sin. (J S — a) sin. Q S — 4)8in. (J S— c) 

Now 

1 — COS.* J a — COS.* J 6 = sin.' | a — cos.* ) b, 

by aqua. 5, p. 47, ^ sin.* ^ a sin.* 1 6 — cos.* j^ a cos. * 1 6 ; 

hence, the numerator of the above expression is equal to 
' sin.* J a sin.* ^b — (cos. } a cos. } 6 — cos. | c)*, 

which is the same as 

{sin. I a sin. 1 6 -|- COS. J a COS.} & — cos. ^c} x 
{sin. I a sin. \b — cos. J a cos. ) 6 + cos. | c} ; 
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r 

or as 

{cos.|(a — b) — cos.|c} x {coa.Jc — C08.^(a4-&)}^(byeqa.27,p.^8) 
28in.i(iS— *)8m.i(JS— o) X 2sin. JSsin, i(iS — c). 
Consequently, since (page 57) 

V8m,A' 

the foregoing expression for tan. — takes this veiy remarkable form, viz. 

4 

tan. -^ = 's/tan.JStan.f (iS — a)tan.i(JS — 6)tan.i(JS — c); 

« 

i^hich is Lhuillier^s expression. 

It follows from this problem that two spherical triangles are always 
«qual in surface when the sides of the one are severally equal to those 
of the other, whether the triangles admit of coincidence or not. 



PROBLEM IV. 

Given the area of a spherical triangle on the surface of the earth in 
square feet, to determine the spherical excess. 

Let the area of the triangle in feet be 2, then, by problem i., 

2 180° 



r* 3-14159 
Now the length of a degree, supposing the earth to be a perfect 

sphere, is 365154*6 feet; hence the earths radms is X 

365154*6 feet; consequently. 



3*14159 2 
180 X (365154*6)« 



« = ^c^ .. ,^a>,y^A.a\2 degress ; 



or if the excess be expressed in seconds, then 

3-14159 2 X 60« 

£ ^ rr seconost 

180(365154-a)a 



s2 
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.*. log. c == log. 2 + log. 62*83185 drc. --2 log. 3d5154-6 
== log. 2 -f 1-7981799 — 11-1249536 
eslog. 2 — 9-3267737. 

Henceyjrom the logarithm of the area of the triangle in feet ^ subtract 
the constant logarithm 9'3267737| and the remainder will he the 
logarithm of the excess in seconds. 

This rule, which usually goes by the name of General Roifs rule, 
is in &ctdue to ^ late professor Dalby, by whom it was commumcated 
to the Genera], when engaged with him in conducting the Trigonome- 
trical Survey. (See the " Life of Mr. Dalby/* in Leyboum's Reposi- 
tory, vol. V.) 

By means of the rule just given we may very readily compute the 
^[^erical excess, provided that we previously know the ai*ea of the tri- 
angle in feet. In trigonometrical surveying, the triangle on the suri^ 
of the earth, comprised between any three stations, is necessarily so 
limited a portion of the whole sphere that its area, computed as a plane 
triangle from the measured data, cannot be affected with any error of 
consequence. On this hypothesis, therefore, the area of the triangle 
may be determined by one or other of the methods in prob. in., last 
chapter, and thence the excess ascertained by the above rule. Should 
the excess, thus deduced, exactly equal the excess of the three observed 
angles above two right-angles, we may be assured of the accuracy of 
the observations; but if they differ, the difference must be regarded as 
the amount of the errors with which the three observed angles are affected. 
If all of them were observed with equal care, so that there appear no 
reason why one should be more erroneous than another, the correction 
thus found must be distributed equally among them; but if it be sus- 
pected that one of the angles is less to be depended on than the others, 
then to this angle must be applied the greater part of the whole cor- 
rection. The data being thus corrected, the required side or sides of 
the spherical triangle may be computed by the rules of spherical 
trigonometry; or the same object may be effected by plane trigonometry, 
with all requisite accuracy, provided we employ in the computation, 
not the corrected spherical angles, but these angles diminished each by 
one third of the spherical excess found as above, a truth which has been 
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established by Legendre, (See the Appendix to Brewster's translation 
of Legendre's Geometiy.) Trigonometrical surveying is a very im- 
portant application of the theory of trigonometry, but is too ample a 
subject to admit of being discussed in the present volume. The student 
will find a condensed account of these geodetical operations in the 
tenth section of Dr. Lardner's Trigonometry, and every requisite infor- 
mation in the Geodisie of M. Puissant and Colonel Mudge\ account of 
the Trigonometrical Survey of England and Wales* 



Miscellaneous Expressions involving the Sides and Angles of a 

Spherical Triangle. 

(85). We shall terminate the present chapter by the insertion of a 
few general expressions, involving the three sides and the three angles 
of a spherical triangle. Those formulas which have already been given 
in the second part of the work, are amply sufficient for the solution of 
every case in spherical trigonometry, but the sides and angles of a sphe- 
rical triangle possess many other remarkable relations which are often 
called in aid in higher investigations concerning the sphere. A few of 
these, therefore, it may be proper to give. Let s represent half the sum 
of the sides a, b, c, and S, half the sum of the angles A, B, C, of a sphe- 
rical triangle; then, by multiplying together the expressions for sin. ^A, 
cos. ^A, in art. (47), and those for sin. ^o, cos. ia, in art. (49), and 
squaring the results, we have these equations; 

sin.*i8in.*c8in.*A=48in.*sin.(* — a)8in.(*— 6)sin.(* — c)^4»*..(l) 
8in.*B8in.'C8in.*o=— 4cos.Sco8.(S— A)co8.(S— B)cos.(S— C)=:4N*.(2). 

By multiplication, 

sin* a sin. b sin. c sin. A sin. B sin. C =s 4 N» .... (3). 

By division, 

sin. b sin. c sin.A n 
sin. B sin.C sin. a N 



* Some additional particulars respecting the spherical excess will be 
found in the sapplement. 
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But the first two factors of this expression are each of them the re- 
ciprocal of the last. 

sin. b sin. c sin. a «_ 

•*• slS^ " s'iSrC "" iinlL "" N • * • ' ^ ^' 

But from (1), 

sin.A 2» N 2n 



sin. a sin. a sin. b sin. c n sin. a sin. b sin. c 
and from (2), 

sin. a 2N n 2N 



. . (5); 



sin.A sin. A sin. B sin. C N sin. A sin. B sin. C 



. . « . (6). 



Substituting in (6) the value of N deduced from (5), and in (5) the 
value of n deduced from (6), v^e have, from the resulting equations, 
these expressions for n and N, viz. 

n = i{sin.^asin.'6sin.^csin. Asin. Bsin. C}' .... (7) 

N=i{''i'^-''^sin.«Bsin.*Csin.asin.6sm.c}^ .... (8); 

n 
and, for their ratio — , vre have from these, as also from (4), 

n . sin. a sin. 6 sin. c .i 

N - ^riUrrsiiBii^Tc* • • • • ^®^' 

expressions v^h ich are remarkable for their symmetry. 

Again, referring, to the expressions for sin. ^A, and cos. ^A, at (47), 
we see that 

sin. * A sin. * B sin. * C = — : . : — r-: .... CIO) 

sm. * sin. a sm. b sm. c ^ ' 

9i sin s 

cos. i A cos. ^ B COS. 4 C = -T — *-r—. — .... Cll) 

sm. asm.osm. c ^ ^ 

n 
.•. tan. * A tan. * B tan. C = . « .... (12). 

And by referring to the expressions for sin. ia, cos. i^a, at (49), we 
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see the truth of the foUowmg analogous equations ; viz. 

. 1 . , 1 . , — N.C08. S ._. 

im. i a sm. * b sm. * c =r -: — — ; — ——. — —• . , , , (13) 

sm. A sm. B sm. C ' 

co8.iaco8.i6cos.ic = --: — -r—. — -— : — - . . . (14) 

— COS. S sm. A sm. B sm. C ^ 

cos.^ S 
.*. tan. ^atan.^6tan. ^0= — ^^^ — .... (15). 



From (10), 

sin. 8 = 



n» 



sin. a sin. b sin. c sin. ^ A sin. \ B sin. ^ C 



From (11), 



N 

= > hy (5), 1 p „;^ 1 fi • • • • (10)- 

2 sm. ^ A sm. ^ Jd sm. ^ C 



sin. a sin. b sin. c cos. ^ A cos. \ B cos. \ C 

sm. « = -i — 

n 

= >hy(5),2 — cos. i Acos. ^Bcos. iC .... (17); 

and, from (12,) 

n 

8in.** = - "-r— r^5-r r-z;- .... (18). 

tan. i A tan. \ B tan. ^ C ^ ' 

In like manner, from (13), (14), (15) we have 

- sin. A sin. B sin. C sin. \ a sin. \ b sin. ^ c 
COS. S = r= 

N 

N 
= 9 hy (6), — 2 — sin. \ a sin. ^ h sin. i c . . . . (19) 

n 

COS. S =s r 



sin. A sin. B sin. C cos. ^ a cos. ^ 6 cos. ^ c 



* This expression, as well as those marked 19, is nsoally g^yen with' an 
improper sign, viz. -|- instead of — , a mistake which seems to have arisen 

from confounding v cos. S • cos. S with v — cos. S x — cos. S, which 
are, in fact, distinct expressions ; the one being •{- cos. S, and the other 
— cos. S. See the chapter on Imaginary Quantities, in Young's Algebra. 
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= , by (6), — J ^-— — .... (20) 

'^ 2 COS. I a COS. ^ 6 COS. ^ <; ^ 

N 

COS.* S = N tan. \ a tan. | b tan. 4 c = — — -— -- — --- — , (21). 

cot. i a cot. ^ 6 cot. ^ c 

(86). In addition, to these we shall here put down a few other useful 
expressions immediately deducible from the four equations which we 
had occasion to investigate at p. 194; and which are ad follows: 

COS. i C 

sin. i (A -|-*Bi) = ^cos.i(a — 6) .... (22) 

COS. ft c 

_^ COS. \ C 
sin.KA — B)=-; — 7- sin. 1 (a — 6) .... (23) 

Sin. ^ c 

^ sin.iC 
cos.i(A + B)= — ^cos.l(aH-&) . • • • (24) 

cos* 2 ^ 

sin 'i C ' * 

cos.i(A— B) = -^-^— sin.i(a4-*>. . . . (25). 

sm. ^ c 

From these equations we immediately deduce the following analo- 
gous ones, viz. 

9in.i(a + *) = ^|^cos.i(A-B) (26) 

8in.i(o — 6) = ^-^^^^ sin.KA — B) . . . .(27) 
^^ cos. i C 

cos i c 
cos.i(« + *) = ^-^co8.i(A + B) : . . . (28) 
• sin. -^ vy 

cos \ c 
cos.i(a — *)= — ^8in-l(A + B) .... (29). 

COS. 1^ f^ 

4 

Frdm (22) and (23) we have, 

sin.* i (A + B) COS.* i c = cos.* | C cos.* i (« — *) 
sin.* i ( A — B) sin.* i c = cos.* ^ C sin.* i (« — *)• 

Hence, by addition, 
«in.«i(A — B)sin.*|c + sin.*i(A-|-B)coi.*ic = cos.*iC . (30). 
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In like manner, from (24) and (25), 

co8.«i(A--B)8in.*ic + cos.«i(A-|-B)co8.*ic = 8in.*lC. . (31). 

Again, from (26) and (27), we have 

8in.* ^(a'\-b) sin.* i C = sin.* ^ c cos.* J ( A — B) 
sin.* i (a — *) COS.* i C = sin.* ^ c sin.* i ( A — B) ; 

and, by addition, 

8in.*i(a — 6)co8.*iC-f-8in.*i(a-f-*)sin.*iC=:sin.«ic . . . (32); 

and, in like manner, from (28) and (29), we get 

cos.*i(a — *)co8.*iC-|-co8.*i(a+i)8iii.*iC=cos.*ic . . . (33). 



ON THE RELATIONS BETWEEN THE CORRESPONDING 
VARIATIONS OF THE PARTS OF A TRIANGLE. 

In the present chapter we propose briefly to examine into the effect 
produced on the sides and angles of a triangle, by a small change 
taking place in the magnitude of one of them; that is, to estimate the 
amount of error afiecting any part which may have been determined 
from data, not strictly accurate, and thence to ascertain under what 
circumstances a small inaccuracy in a proposed datum will least affect 
the accuracy of the result. This becomes a very essential matter of 
enquiry in all the more delicate practical operations of trigonometry, 
because, since the data furnished by observation necessarily fall short 
of strict accuracy, on account of the imperfection of instruments, and 
other unavoidable defects, we ought to know under what circumstances 
our observation should be made, so that the small error with which it 
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is affected may have the least possible influeoce on the quantity to be 
determined from it. The following problems will sufficiently show the 
method of arriving at this knowledge. 



PROBLEM I. 

In a right-angled plane triangle, whose base is b and altitude a, it is 
required to determine the error committed in calculating Oy by meaos 
of the given base b, and the observed angle opposite to a, 

Let us consider a to represent the true angle opposite to a, from which 
that given by observation varies by a small quantity, which we shall 
represent by ^«, and call the variation of a, then the sought side, which 
would be given by the equation a^b tan. a, is affected by an error hj 
so that instead of a it is a + da, and this we determine from the equa- 
tion 

a -|- ^a = 6 tan. (a -f- Sa) ; 

in which, by subtracting the preceding equation, we find the value ot 
Sa to be 

tazs,h {tan. (a •{- ^a) — tan. «} 

dsin. ^<t , ^ ^ 

COS. a. cos. (a -|- ^a) ^ 

Now, by hypotliesis, ^a is very small, so that we may substitute it 
for its sine, and cos. « instead of cos. (<t + ^a)? 

.*. ca = 



cos.» « * 



in which expression t* is the length of the arc to radius 1, which 
measures the angular error. 

To determine what length b must be to render the variation ^o, the 
least possible under the same amount of error ^a in a, we have 

, X » ^ cot. a^a 
:ss a cot. a .'. oa = — 

C08.^« 

aSa ada 



sin. « cos. a sin. 2a ' 
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lience-^a will be the least possible when sin. 2a is the greatest possible, 
that is, when » == 45® : so that in order to detarmine the height of a tower 
or steeple, &c. with the utmost accuracy, by means of an observation 
of its angular altitude, we should make the observation at a distance 
from the object as nearly as possible equal to its height. 



PROBLEM II. 

In a right-angled spherical triangle is given one of the oblique angles 
to determine the variation of the opposite side, arising from a small 
variation of the hypotenuse. 

Let A be the constant angle, a its opposite side, and c the hypote^ 
nuse; then 

sin. a = sin. A sin. c 

sin. (o -f- Sa) = sin. A sin. (c -|- Sc) 
.-, by subtraction, 

sin. (a -f- da) — sin. a = sin. A {sin. {c + dc) — sin. c} ; 
that is, (page 58, equa. 27,) 

2 COS. (a 4- i da) sin. | ^a = 2 sin. A cos. (c + i ^0 ^^^- h ^<^ 

. , -, sin. A cos. (c + i dc) sin. * dc 
' cos. (o -h i Sa) ' 

and if da, dc, be very small, 

^ sin. A cos. c « 

oa ^ oc ; 

cos. a 

or, substituting for sin. A its value from the first equation, 

^ sin. a cos. c ^ ^ ^ * 

oa = • oc = tan, a cot. c cci 

cos.a sm. c 

which variation will be the least possible when cot. c is least, or when 
c ^ 90®. It would seem from the expression for da, that in this case 
ia is absolutely 0, which we know cannot be. Indeed, no result de- 
duced like that above, from a process in which certain small quantities 

T 



206 TRIGONOMETRICAL INQUIRIES. 

are rejected^can be considered as perfectly accurate^ although tiiey may 
approximate so nearly to the truth as to be practically admissible as 
such. If we restore the ^Sc which has been neglected, and write the 
above result thus, 

da ^ tan. a cot. (c -f- 1 ^c) Sc ; 

then, in the case of c ^ 90°, the expression becomes 

dazs — tan. a tan. ^dc ' 8c; 

or, considering the very small arc ^dc to be equal to its tangent, vie 
have in the case supposed 

5a = -— i tan. a (5<?)*, 

the same expressionas other wise determined by Professor Airy in his 
Treatise on Trigonometry, in the Encyclopaedia Metropolitana. 



PROBLEM III. 

In an oblique-angled spherical triangle are given two sides to deter- 
mine the variation produced in the third side by a small variation of 
the opposite angle. 

Let a, b, be the two given sides, C the included angle, and c the side 
opposite to it. Then 

COS. c = cos. a €08. 6 4- sin. a sin. b cos. C 
cos. (c -|- Sc) ^ cos. a cos. b -f- sin. a sin. 6 cos. (C -f 5C); 
.*. by subtraction, 

cos. (c -f dc) — cos. c = sin. a sin. b {(C -f- SC) — cos. C } ; 
that is, 

28in.(e -h i5<?)siD. i 5c = 2 sin. a sin.* sin. (C -h i SO sin. ^ cC. 
Hence, if 5C be very small, 

sin. ccczs: sin.a sin. b sin. C dC 

sin. a sin. b sin. C ^^ 

.*. oc = cC 

sin. c 

= sin. asin.B^C ; 
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and dc is therefore the least possible when sin. C is the least possible, 
that is, when = 0. To find the expression for dc, in this case, restore 
what has been rejected, and we shall have 

sin. a sin. b sin. (C + i ^C) . 

oc = . cC I 

sm. c 

which, when C = 0, and ^^C very small, becomes 

2 sm. c ^ ^ 



PROBLEM IV. 

In an oblique-angled spherical triangle are given, as before, two sides 
and the included angle, to find the variation produced in one of the 
opposite angles by a small variation in the included angle. 

Let a, b, be the given sides, C the included angle, then we have to 
find what influence a small variation in the value of the angle C vnll 
have on the angle A opposite a. For this purpose we shall deduce a 
suitable formula, as follows : substitute the expression for cos. c, on 
the opposite page, in the corresponding expression for cos. a, and we 
shall have the equation 

COS. A sin. c = cos. a sin. b — sin. a cos. b cos. C ; 

sin. c 

.*. COS. A -: ^ cot. a sin. b — cos. b cos. C. 

sm. a 

But 

sin. e sin.C 



sin. a sin. A ' 
hence, by substitution, 

cot. A sin. C = cot. a sin. ^ — cos. b cos. C 
cot. (A + ^.A) sin. (C + SC) = cot. a sin. b —cos. b cos. (C + SC); 
and, by subtraction, 

cot.(A■^-^A)8in.(C^-^C)-cot.A8in.C=cos.6{co8.C— co8.(C-|-^C)}. 
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The first side of this equation is the same as 
cot.(A+5A) {8in.(C + ^C)— sin.C} +8in.C{cot.(A-f ^A)— cot. A}? 
and the quantities within the brackets are respectively the same as 

2cos.(C-|-HC)8in.i^Cand- — ^-A^. ^ . .^.• 
^ ' sin. A sm. (A + SA) 

Abo, the second side of the same equation is the same as 
COS. b '2810. (C + i ^C)8in. ^ ^C ; 
consequently, 

2 cot. (A -f ^A) COS. (C + i^C) sin. HC — - '^''* ^ *'°' ^^ 



sin. A sin. (A •{- ^A) 
2 COS. & sin. (C + i ^C) sin. ^ ^C ; 

and, therefore, when dC and dA are very small, 

cot. A COS. C ^C 7—-:- ^A = cos. & sin. C dC 

8in.» A 

sin A. 
.\ SA := . * - (cot. A COB. C — cos. b sin. C) ^C. 
sm. C 

The foregoing examples are those selected by Professor Airy in his. 
Treatise on Trigonometry, before referred to, and we have here adopted 
his processes. But the instrument of investigation generally the best 
adapted to inquiries of this kind is the Differential Calculus. 



END OF THE TRIGONOMETEY.. 
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COS. AK COS. KG = cos. AG = cos. AF cos. FG 
COS. LK COS. KG = cos. GL := cos. FE cos. FG. 

From these we have, by subtraction, addition, and subsequent divi- 
sion. 

(cos. AK — COS. KL) (cos. AF — cos. FE ) 
(COS. AK -f- COS. KL; (cos. AF -f- cos. FE) ' 

and hence, by dividing (28) by (29), page 58, 

tan.i(AK— KL)tan.i(AK-t-kL)=tan.i(AF— FE)tan.i(AF + FE), 

that is, 

tan. i AH tan. i AL = tan. ^ AD tan. ^ AE. 

The analogue to Euclid in. 35, may be seen in another form in^the 
Math. Repository, No. 23; part ii., p. 131, 2. 

5. Let the secants in the case where A is without the circle take the 
position of tangents. Then D, E, F, coalesce, and so do H, K, L. 
Then the equation just obtained becomes 

tan.a i AF = tan.^ i AK, 
or 

AF = AK. Af— J \o 




The tangents from any points to the circle are 
therefore equal. 

The case when the point is within the circle is demonstrated by 
Cagnoli, in his Trigonometry, but the other case he has not noticed.* 

* Since this paper was written, Professor Lowry has sent me the ennn- 
ciation of the proposition in the text, accompanied by the foregoing re- 
mark and with the following corollaries subjoined, viz. 

1. If an arc be drawn perpendicular to the diameter of a small circle of 
the sphere, the square of the tangent of half this arc will equal the pro- 
duct of the tangents of half the segments into which it divides the dia- 
meter. 

2. If, from the extremities of the diameter of the small curcle, arcs be 
drawn cutting the circle in the same point as the perpendicular, then the 
erum of the squares of the sines of half these arcs will equal the square of 
the sine of half the diameter of the small circle. 
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6. We may easily prove, also, that the great circle drawn through 
K at right angles to the radius, OK, touches the circle. 

For draw any other arc from O, as OL. 
Then, because K is a right-angle, we have 

cos. LK COS. KO =;: cos. LO. 

But cos. LK < 1, and therefore cos. LO < cos. KO, or 

L0> KO; 

and L will therefore fell without the circle; or, no part of KA felk 
within the circle whence KA is a tangent. 

It is unnecessary to dwell at greater length upon these simple subjects; 
the nature of the inquiry and the method of pursuing it, as well as its 
close analogy to the corresponding properties in the Elements of 
Euclid, must be at once apparent. 

We may add that in the Reppsitoty, as above referred to, some other 
remarkable analogies to plain properties are derived by similar methods, 
to which we refer the inquiring reader. • 

7. Let any spherical triangle be cut by a trans- A 
versal cba. Then the products of the sines of the 
alternate segments will be equal. 

That is, 

sin. Ac sin. Ba sin. C^ ^ sin. cB sin, aC sin. 6A. B 

For 

sin. Ac : sin. Ab : ; sin.'^ b : sin. Z_ c 

sin. aB : sin. Be : : sin. /_ c : sin. /_ a 
sin. Cb : sin. Ca : : sin. ^ a : sin. /_ 6. 

Hence, multiplying, and efiacing the common terms in the antecedent 
and consequent of the result^ we have the properties stated above. 

8. The student can show, ex absurdo, thatif the equality above stated 
takes place, the three points a, 6, c, are in the same great circle. 

9. If through any point P on the surfece of the sphere three great 
circles be described, which also pass through the angles of the triangle 
ABC, and cut the opposite sides in a, 6, c^ lespectively, then 
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sin. Ac sin. Ba sin. bC = sin. aC . sin. Be sin. bA, 

For the two spherical triangles BaA and CoA 
cut by the two transversals Cc, B6, give respect- 
ively 

sin. AP • sin. dB sin. 6C = sin. aP sin. Be sin. bA ^ 
sin. flP • sin. cB sin. cA = sin. APsin. aC sin. cB ; 

which multiplied, and the common terms effaced, give the enunciated 
property. 

10. If through any point P in a given great circle Aa, which passes 
through an angle, of a spherical triangle, great circles be drawn to the 
remaining angles cutting the opposite sides in b, c, respectively, then 
the great circle be will always pass through the same point a' in the 
great circle BC, and so divide it that ^c" 

sin. Ba : sin. ac : : sin. Ba : sin. a' C. 

For by (9 and 7) we have, respectively, 

sin. Ba : sin. aC : : sin. Be sin. A6 : 

sin. cA sin. bC 
sin. Ba': sin. a*C : sin. Be sin. Ab : 

sin. cA sin. bC ; 

wlien, by equality of ratios, we have 

sin. Ba : sin. aC : : sin. Bo' : sin. a'C* 




* This division of an arc is analogous to that which in piano is called 
the harmonical division of a line. Some of the most interesting pro- 
perties of elementary geometry flow from considerations respecting the 
mode of division ; and the spherical properties have perfect analogies to 
those. A few of these may be seen in the paper above mentioned in the 
Repository ; and others will appear in a future number. Some curious 
investigations on this subject, by Professor Lowry, may also be seen in 
vol. II., new series of the same work, quest. 223. His processes, however* 
are totally different from those just adverted to. 
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11. If three great circles be drawn through the angles of a spherical 
triangle and through the same point on the surfece of the sphere, cutting 
the sides in three points; three other great circles, each passing through 
two of these points, will intersect the sides of the triangle (produced or 
not as the case may require,) in the circumference of one and the same 
great circle. 

By (10) we have 

sin. Ba : sin. aC :: sin. Ba' : sin. aC 
sin. C6 : sin. ^A : : sin. Cb' : sin. b'A 
sin. cA : sin. cB : : sin. c*A : sin. c'B ; 

or, by multiplying vertically, and bearing (9) in mind, 

sin. Ba • sin. Cb' sin. c' A = sin. a'C • sin. b*A • sin. cB ; 

and hence by (8) the proposition is established,* 

12. If great circles be drawn from the angular points of any spherical 
polygon to a point on the surfece of the sphere, the product of the 
sines of the alternate angles wiU be equal. 

In the triangle, (fig. to 9), 

sin. BP : sin. PA : : sin. BAP : sin. ABP 
sin. PA : sin. PC : : sin. PCA : sin. PAC 
sin. PC : sin. PB : : sin. PBC : sin. PCB ; 

and, by multiplication, 

sin. BAP sin. PCA • sin. CBP = sin. ABP sin. PAC sin. PCB. 



* This remarkable proposition appears to have been discovered by 
Camoty and was first published by him in 1803, and afterwards in 1806, 
in the Geometry of Position, and the Essay upon Transversals. It was 
subsequently and independently discovered by an eminent mathematician 
in this country, Mr. fVhitley, who inferred it from the corresponding 
plane one, in the Ladies* Diary, 1817. The demonstration above given 
is taken entirely from Camot, and it is a beautiful model for the method 
of conducting such inquiries. More ample information on these subjecti 
may be had in the Repository, ub supra. 
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